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INVARIANCE RESULTS FOR DELAY AND VOLTERRA
EQUATIONS IN FRACTIONAL ORDER SOBOLEV SPACES

F. kappel and k. kunisch

ABSTRACT. Invariance of the trajectories of infinite delay- and Volterra-type

equations in fractional order Sobolev spaces are derived under minimal as-

sumptions on the problem data. Properties of fractional order Sobolev spaces

defined over intervals are summarized.

1. Introduction.

1.1. Problem statement and motivation. The problem under investigation is

k

i=l

K rO

t(t)= ^2 Bi(t)x(t - n) + /     B{t,a)x{t + o)da
i=i J-°0

k       çt r-t     i-O

(L1) +X]/   AiiT)x(T - n)dr +        /     A(T,<r)x(T + a)dadT
i=0 J s   J — oo

+ f{t)+r)     for t e[s,T] a.e.,

x(t) = tp(t — s)     for t < s a.e.,

where 0 = rn < rx < ■ ■ ■ < ?> = r < oo, ry G Rn, <f> and x are R"-valued functions

on (-oo,0] and [s,T], s <T, respectively, and 5j(£),A¿(í) and B(t,o), A(t,o) are

n x n-matrix valued functions defined on [s,T] and [s,T] x (-00,0], respectively.

We observe that (1.1) includes as special cases Volterra integro-differential and

integral equations of the type

(1.2) i(t)=       A{t - o)x{a) da,        t G [0,T], x{0) = r¡,
Jo

or

(1.3) x(t) = f B(t - ct)x(ct) do,        te[0,T].
Jo

In recent years several detailed investigations of infinite delay equations have

been carried out. We cite [6, 10, 14, 15, 16] as representative publications.

It is well known that with B¿ = 0, B = A = 0, and A¿ constant the regularity of

solutions increases with t. If the infinite delay terms (governed by A and B) or the

neutral terms (governed by Bt and B) are nontrivial, then this smoothing effect is

in general not preserved. But invariance of simple function spaces like C or L2 can
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2 F. KAPPEL AND K. KUNISCH

be shown under appropriate assumptions on the problem data. Here, by invariance

we mean that if tp is in some function space -Fg(-oo,0;Rn) and if some matching

conditions are met at t = s, then the solution is in F(s, T\ Rn) for arbitrary T > s.

The subscript g denotes a weighting factor related to the decay properties of A and

BasiT-t —oo. This will be made more precise further below.

The purpose of this paper is to study invariance results in Sobolev spaces, to

show continuous dependence of the solutions on the problem data, as well as to

develop the necessary results for fractional order Sobolev spaces on bounded in-

tervals. Invariance results in these spaces are important, for instance, for approx-

imation methods for (1.1), since convergence and especially rate of convergence

depend on the smoothness of the function to be approximated [12]. The smoother

the function is, the better is the rate of convergence in general. Smoothness of

solutions, however, necessitates strong requirements on the regularity of the prob-

lem data. This can be seen below when we derive invariance results in iim-spaces,

m = 1,2,_Recently, numerical schemes have also been used successfully in pa-

rameter estimation problems (cf. [2, 3, 9]). In this case one might be interested in

the other extreme: least possible smoothness such that at least convergence of an

approximation scheme is guaranteed and such that only weak assumptions on the

problem data are required.

As a specific example we have in mind approximation of (1.1) by first order

spline functions with a convergence proof in a semigroup-theoretical setting similar

to that in [3]. This requires convergence of first order spline interpolates <j>N to <j>

in the H1-nonn, which can be obtained for <¡> G H1+a, a > 0 (the definition of the

spaces H1+a, a G (0,1), is given below). This motivates the study of invariance of

(1.1) in H1+a especially for a G (0, |), because invariance can be obtained under

the assumption A¿ G Ha, which does not require At to be continuous.

In the semigroup approach to (1.1) it is necessary to choose a state space corre-

sponding to the fact that the initial function <j> evolves in time according to (1.1).

A possible choice is R" x L2(—oo,0;R"). Then the associated state is given by

(y(t),xt), t > s, where

k /.0

(1.4) y(t) = x(t)-^2Bi(t)x(t-ri)- B{t,a)x(t+ a)da,
i=i J-00

(1.5) xt(r) = x(t + r),        -oo < r < 0.

By the results of [4] this state (or the state where y(t) is replaced by y(t) — f(t) if

/ ^ 0) is a natural choice. It will turn out that t —► (y(t) - f(t),xt) is continuous

whereas t —► (x(t),xt) in general is not. The pair (y(t),x(t)) is governed by the

following system equivalent to (1.1):

k       çt ¡-t     rO

y{t)=V + f{t) + J2      A1(t)x(t - n) dr +        /     A(T,a)x{T + a)dadT,
¿ — rt-Js J S    J —OO

M k f0
x(t) = y(t) + ]T Bi(t)x(t - ri) + /      B(t, o)x(t + o) da

i=i J-°°

a.e. for t G [s,T],

x(t) = 4>{t — s)  a.e.       for t < s.
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When approximating the state (y(t),xt) the problem arises to obtain a supremum

norm approximation of x(t) itself. Under additional smoothness assumptions this

has been done for finite delay equations in [8]. These assumptions can be relaxed

by using invariance of H1+a for a G (A, 1).

In deriving our results it will be necessary to make frequent use of the properties

of fractional order Sobolev spaces. In spite of a wide literature on this subject

we could not find many results in a form which was adequate for our purposes.

Furthermore, several authors use different but equivalent definitions for fractional

order Sobolev spaces. The equivalence of these various approaches is not always

obvious for the nonspecialist. We therefore summarize and prove several of the

properties of fractional order Sobolev spaces making use of the fact that in our case

the domain of the functions has dimension one.

1.2. Sobolev spaces on bounded intervals. As already indicated in §1.1 we shall

also use fractional order Sobolev spaces which sometimes are called Slobodeckij

spaces. In the literature one can find a number of different characterizations for

these spaces and usually functions defined on n-dimensional domains are considered.

Here we are interested in the considerably simpler case of functions defined on an

interval. On the other hand we need some basic facts concerning spaces with

weighted norms and spaces of functions with values in a Hubert space which are

not directly available in the literature. For the convenience of the reader we shall

give proofs or indications thereof when for the nonspecialist it is difficult to extract

the proof from the literature.

1.2.1. Integer order Sobolev spaces. For a Hubert space X with norm | • | and a

closed bounded interval / let LP(I; X) as usual be the equivalence class of functions

f:I—*X such that

I/Up(/;X)= (f\f{r)\pdA        <00, l<p<00,

and

|/|loo (I; X) = sup ess |/(t) | < oo.
i

For m = 1, 2,... let Hm(I; X) = {/ G L2(I; X) | /Ü"1) is absolutely continuous on

/ and /<*') G L2(I; X), j = 1,..., m} and endow Hm(I; X) with the usual Hubert
space topology.

1.2.2. The spaces HS{R;X), s > 0. First let m G N. We define [11, p. 30]

i/m(R;X) = {u G L2(R;X) \ u^j-^ locally absolutely continuous and uW 6

L2(R; X), j = 1,..., m}. i7m(R; X) is a Hubert space with the usual norm

m

(L7) Mj/-(R;X) = £ \ui3)\h(R;X)-
3=0

Since the domain of definition for the functions considered here is R, there is no

need for introducing distributional derivatives (see for instance [1, p. 70 ff]). Let

û= 7u denote the Fourier-transform of it,

1      f°°
û(y) = -= /      e-^uiDdt,        y G R.

V27T y_oo
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Then Hm(R;X) can also be characterized as

(1.8) Hm(R;X) = {ue L2(R;X) | (1 + \y\2)m'2ù G L2(R;X)},

see [12, p. 5]. The norm

(1-9) \\\u\\\Hm{R,x) = \(l + \y\2r/2û\LHR,x)

is equivalent to the norm defined in (1.7). The proof of this fact uses Plancherel's

theorem which is also true for Hubert space valued functions.

The characterization (1.8) of Hm(R;X) suggests the definition of HS(R;X) for

real numbers s > 0 (and even all s G R):

(1.10) HS{R;X) = {u€ L2{R;X)\{1 + \y\2)s/2Û G L2(R;X)}.

The norm

(1-11) \\\u\\\h°(K;X) = 1(1 + \y\2)S/2Û\L2{R;X)

introduces a Hubert space structure on HS(R;X).

An important result is that the spaces Hs (R; X) can be characterized as inter-

polation spaces in the sense of [11, p. 31] between Hm(R;X) and L2(R;X):

(1.12) Hs{R;X) = [Hm{R;X),L2{R;X)]e,        s = {1 - ö)m.

The interpolation norm of H3(R;X) is equivalent to the norm in (1.11).

We shall also use a characterization of the spaces HS(R;X) as intermediate

spaces defined by semigroups (see [11, p. 48; 5]). Let T(t),t > 0, be a uniformly

bounded Co-semigroup on L2(R;X) with infinitesimal generator A and assume

that D(Am) = Hm{R;X) for some m G N. Then (see [5, Theorem 3.4.2; 11, p.

98])

(1.13) H*(R;X) = Le L2(R;X)\ J™ r'-2s\{T{t) - I)mu\2L2{R[X)dt < oo J

for every s G (0,rn). Moreover

muL2(R;X)^i
/■oo

(1-14) \\n\\HHR;X) = \u\2LHR,x)+        t-'-^KTit) -1)
J 0

defines an equivalent norm on HS(R;X).

Let s = k + ß, fcGN and ß G (0,1). Then by the Theorem of Reduction [5,

Theorem 3.4.6] we have

(1.15) HS{R;X) H«É D{Ak)\Aku G H0(R;X)}

with the equivalent norm

(1.16) \\u\\Hs(R,x) = \u\2D(Ak) + /     r'-^KTit) - I)Aku\lHR.x)dt.
J 0

Here | • \o(Ak) denotes the graph norm of Ak. Note that only the behavior of T(t)u

for small t is important in (1.16). In fact, if 6 > 0 then

roo r6

/     t-l-V\(T(t)-I)Aku\\HJl.tX)dt= I   t-1~2'}\(T(t)-I)Aku\l2{R.tX)dt
Jo Jo

/•oo

+ J     t-l-2i3\{T{t)-I)Aku\2LH^x)dt.
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Using |T(i)| < M for some M > 0 and all t > 0, the second integral can be

estimated as
/•OO /•oo

Js    t-'-^liTW-nA'ull^^dtKiM + ir^ull^^J^    t-i-Vdt
¿-2/3

<—(M + l)3H3D(At).

This implies the equivalence for any 6 > 0 of the norm given in (1.16) and the

following norm denoted by the same symbol:

(1.17) NIW;X) = Md(a*) + f t-'-20\{T(t) - I)Aku\2L2{R.<x)dt.
J 0

As a concrete semigroup we can take the shift semigroup on L2 (R; X) defined by

(T(i)u)(r) =u(t + r)     for t > 0, r G R, u£L2(R;X).

Obviously this defines a uniformly bounded Co-semigroup. The infinitesimal gen-

erator of T(t) is characterized by

(1.18) D{A) = H\R;X),        Au = ù     for uGD{A).

In order to prove this let f(t) = 7T(t)J~l, t > 0. Then f(t), t > 0, is the

Co-semigroup on L2 (R; X) given by

(f (t)û)(y) = ¿*û(y),        yeR,t>0.

Direct computation shows that the infinitesimal generator A of T(t), t > 0, is given

by

D(Â) = {ûe L2{R;X) \ yû G L2{R;X)},

Au = iyû{y),        û G D(Â).

The characterization given above for H1 (R; X) shows that û G D(A) is equivalent

to u = T~xû G Hl(R;X). Moreover, iyû = lu. This proves (1.18) if we observe

D(A) = J-lD(Â) and A = T~lA7.
Using the shift semigroup, the characterization (1.15) and the norm (1.16) are

equivalent to

(1.15)* HS(R;X) = {ue Hk{R;X)\u{k) G H0{R;X)}

and

(1.16)-

\U\\2H*(R;X)

/•OO /-OO

= H«*(R^)+/     i"1"2''/      Mfc)(r)-«(fc)(í + r)|2drdí.
7o -'-oo

Of course, the integral /0°° can be replaced by fQ for any 6 > 0.

The characterization (1.15)* together with the norm (1.16)* immediately imply

the following result: Let \u\if,^R.x^ be any norm for the spaces HS(R;X), s > 0.

Then for s = k + ß, k G N, ß G (0,1),

(1-19) IMIf/»(R;*) = \u\h*(R;X) + lu(fc)lfl-«(R;X)

defines an equivalent norm.
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As a final remark in this introductory subsection on fractional order Sobolev

spaces we note that Cg°(R;Rn) is dense in Hs(R;Rn) for any s > 0 [11, p. 31].

1.2.3. Continuity of the shift in HS(R;X). Analogous to integer order Sobolev

spaces we have the following result.

PROPOSITION 1.1.   For every s > 0 and u G ¿7s(R; X) we have

lim u(r + •) = u(-)      inHs{R;X).

PROOF. Using the norm (1.11) we obtain

/oo
(l + \y\2)s\û(y)\2\e^-l\2dy

-oo

/oo
(l-cosyT)(l + \y\2)s\U(y)\2dy-+0

-oo

as r —♦ 0 by Lebesgue's dominated convergence theorem.

1.2.4. Continuous embeddings.   The following embedding results will be used

frequently.

PROPOSITION 1.2.   Lets>\.  Then

HS(R; X) C J u G C(R; X)\   lim   u(t) = 01,
^ t—>±oo

the embedding being continuous with respect to the H3(R\X) and the supremum

norm.

PROOF. Let u G HS(R;X) and let û = lu. Then

/oo /   /-oo \ 1/2   /   /-oo \ 1/2

\*(v)\dv<{j_    (l+y2)-sdy)       (J      (l + y3)'|Û(y)|2dyJ

<c|IM \H>-

By the Riemann Lebesgue lemma (see for instance [7, p. 401]), which is also true

for X-valued functions, u is uniformly continuous and limt_>±00 u(t) = 0. Moreover

1     f°° 1
|«(i)l < ~y== /      \etytû{y)\dy = -^=|û|Li(R;x) < c|||u|||h.,

which ends the proof.

PROPOSITION   1.3.   Let 0 < s1  < s2.    Then HS2{R;X) C HS*{R;X) is a

continuous embedding.

PROOF. Let u G HS2(R-,X) and put û = 7u. Then

/oo roo

(l + y2yi\û(y)\2dy= /     (l + ys)lî|û(y)|J(l+»î)"-ii(iï
-oo J — oo

<\\W\\\h°2-

1.2.5. An extension operator. In order to prove properties for the spaces HS{I; X),

with / a bounded interval, we shall make use of an extension operator. Let m G N
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and I = (a,b), —oo < a < b < oo. Furthermore let o;i,o;2 be C°°-functions on R

such that

(1.20) of!(r)>0,    a2(r)>0,    qh(t)+a2(r) = 1 for r G R

and

(1.21) Of1(r) = 1     for t < a,        «2 CO = 1     for r > b.

Furthermore define the numbers ßi,...,ßm by

(1.22) ^(-l)V/?j■ = 1     fori/ = 0,...,m-l.

j=i

Note that the /?./ are uniquely determined. For w G £2(7; X) and k = 0,..., m — 1

we define p^tt by

Í  TZi(-J)kßj(*i(a + J(a-T))u(a + j(a-T)) for t < a,

{Pku){r) = u(r) for a < r < b,

{  Z7=i(-3)kßj<*2(b - j(T - b))u(b - j(r - b)) for r < b,

compare [11, pp. 14, 38]. Using (1.20)-(1.22) an easy calculation shows

{pku)W(a - 0) = tt(l/)(a + 0),        v = 0,...,m- k- 1,

(pfcu)(l/)(6 + 0) = iz(l/)(& - 0),        i/ = 0,..., m - jfc - 1,

provided u^'(a-r-O), respectively vS"\b—0), exist. Moreover we see that (pfcu)^'(r)

= 0 for |t| sufficiently large. Therefore

pkueH"{R;X)     for u&Hv(I;X), v = 0,... ,m - k.

Let ue H"(I;X), v <m-k. Then for ¡j, = 0,... ,v

\(Pku)^\2LHR;X) = f
J —ex

£ßj(-j)k+'1(a1u)M(a + j(a-T))

j=i

dr

+ f \uM(r)\2dT+ r
Ja Jb

^2^(-j)k+,t(a3u)^(b-j(T-b))

j=i

dr.
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Using Leibnitz' rule we get for the first integral

|2

rJ —Oí

Y^ß3{-j)k+»(axu)^(a + j(a-T))

3 = 1

dr

dr
/a       m fi      ,   s

E ßA-3)k+ß E rwrK) («+x« - o)«^ («+¿(« - o)
-°°    , = 1 K = 0   W

< m(/,+1) E ß]j2ik+ß) E ( ¡j (r» i^M_K)i )
•j = i k=o V  /    V Ia' 1 /

■  f |/i{,e)(a+j(a-r))|adr
Ja-(b-a)/j

m      u b

^CJ2H \"iK){T)\2dT<c\u\2Hll,I.x).
j=lK=0Ja

An analogous estimate is true for the third integral. Therefore

\Pku\H»(R;X) <c\u\h»(I;X),        ueHv{I\X), u = 0,...,m-k,

where the constant c does not depend on v and k. We have shown that

(1.23) pkeß(Hu{I;X),Hk(R;X)),        v = 0,...,m - k;k = 0,... ,m - 1

(for the meaning of £ see §1.3). By construction of pk

(1.24) pfeu|7 = u     for all u G L2(I; X).

We call pjfc an extension operator corresponding to the interval /. The restriction

operator r is defined by

{ru)(r) = u[r),      for r G /, u G L2(R; X).

Obviously

(1.25) reß(Hk(R;X),Hk(I;X)),        A; = 0,1,....

Note, that

(1.26) (ru)W =ru(-k\ ueHk{R;X).

1.2.6. T/ie spaces HS(I;X), s > 0. Following [11, p. 40] we define

Hs(I;X) = [Hm(I;X),L2(I;X)]e

where s = (1 - 0)m, m G N, 0 < 0 < 1; the norm in HS(I;X) is denoted by

I • \h>(i-,x)- Equivalently one could define HS(I;X) to be the restriction of the

elements of HS(R; X) to I.

PROPOSITION 1.4 (COMPARE [11, THEOREM 1.9.1]).   For every s > 0

H"{I;X) = {ru \ u G HS{R;X)}.

Moreover

(1-27) h\\H-(I;X) ■= veH[lfR.x) \v\h°(R;X)
rv=u

defines an equivalent norm on H3(I;X).
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PROOF. Using (1.12), (1.23) and the definition of HS{I;X) given at the be-

ginning of this subsection the interpolation theorem [11, Theorem 5.1] implies

Po G C{HS{I;X),HS(R;X)) and r G £{HS(R;X),HS{I;X)) for s < m. For

every u G HS(I;X) we have u = rp0u, so that u is the restriction to I of some

function (namely p0u) in HS(R;X). On the other hand rv G HS{I;X) for every

v G HS(R;X). Equivalence of the norms follows from

||"||h'(/;X)  < \P0U\h*(R;X) < c\u\H,{I-X),

and

\u\h'(I;X)  = \rv\H'(I;X)  < clV\h° (R;X)*

for any v G HS(R; X) with rv = u. Here | ■ \h>(I;X) denotes the interpolation norm

of HS(I;X). This ends the proof.

Similarly to (1.15) and (1.19) we have the following characterization of the spaces

HS(I;X).

PROPOSITION 1.5.  Lets = k + ß,keN,0<ß<l. Then

HS{I;X) = {oe H^(I-X) | v{k) G Hß(I;X)}

and

\v\\\h>{I;X)  = \v\h"(I;X) + \v       \h»(I;X)

is an equivalent norm.

PROOF. Let v G HS{I;R), i.e. v = ru with u G HS{R;X) by Proposition 1.4.

From (1.15)* we get u G Hk(R;X) and «(*) G H0{R;X). Therefore v = ru <E

Hk(I;X) and v^ = ru^ G Hp{l\X) (see (1.19)) again by Proposition 1.4.

Suppose now that v G Hk(I;X) and v^ G Hß(I;X) and let the operator p0 be

defined as in §1.2.5 with m > k + 1. Then p0v G Hk(R;X) and

{pov){k) =u1+pkv{k\

where

'  ET=i(-jlkß3 2ZkKZo(>ik~K)(a+j(a-T))UM(a+j(a-r))

for T < a,

ui(T) = {  0     for a < r < 6,

E7=l(-J)kß3 ZkK=o(kK )«tK) (b - J(T - b))UM (b -j(T-b))

for t > b.

Obviously «i Gi/X(R;X). Sincepk G £(HV{I;X),H,'{R;X)), v = 0,...,m-k,

the interpolation theorem [11, Theorem 5.1] implies pk G t(H0(I;X),Hß{R;X)).

Therefore (p0w)(fc) G H0{R\X). This together with p0ti G Hk{R\X) implies pv G

HS(R;X). Then v = rp0v G HS(I;X) by Proposition 1.4.

1Here and in the rest of §1 c, c, Ci, denote constants which need not have the same values on

each occasion they occur.
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Let ||w||ks(/;X) be the norm defined in (1.27) with \u\H^R.X) = \u\Hk(R;X) +

\u^\hs(R;X) and choose u G HS(R;X) such that ru = v. Then \v\Hk(¡.x^ <

\u\Hk(R;X) and because of (1.19) also

ll«(fc)||j/*(J;X) = inf \w\Hß(R-,X)<\u{k)\Hß(R;X)-
w€Hß{R;X) ' V '

rw=vK  '

Therefore |||u|||h»(/;X) < \u\hs(r-,x) for all u G HS(R; X) with ru = v. This proves

II|w|||ä'(/;X)  < ||f||fí»(/;X)-

On the other hand we have

M\h'{I;X)  < \P0V\h>(R;X) = \PoV\H"(R;X) + KiW*0 \h9(R;X)

< c\v\h«(R;X) + l«l|ff0(R;X) + \PkVW lw(R;X)

< c|u|h*(/;x) +Cl\ui\Hi{R.X) + C2\v{k)\H0{I.X)

where we also have used Proposition 1.3. By computations similar to those leading

to (1.23) we see that

|"l|ffi(R;X) < c\v\Hhr¡.X).

Altogether we have

IMIk*(';X) < cllMlliff.j-.x),

where c > 0 is not dependent on v G HS(I; X).

1.2.7. Continuous embeddings for HS(I;X).

PROPOSITION 1.6.   The following embeddings are continuous:

Hs(I;X)czC{I;X), s > ±,

and

HS2(I;X)cHSi(I;X), 0 < s, < s2.

PROOF. Let s > \ and u G HS(I;X). Then p0u G HS(R;X) and p0u is

continuous. Using boundedness of po we further have

I«|C(/;X) < SUp|p0u| < c\p0u\H,(R;X) < c\u\Hs{I]X),
R

where we used Proposition 1.2 and the fact that p0 G £{HS{I; X), HS{R;X)). The

proof of the second embedding is analogous.

1.2.8. Inner description of HS{I;X). We now derive a representation of the

spaces HS(I;X) for s > 0, which uses only values of u(r) for r G /. This is

called inner description of HS(I;X). Without loss of generality we assume that

/ = (—1,0) for the rest of this section.

THEOREM 1.7. Let s = k + ß with k G N and ß G (0,1). Then the set of

functions u for which

(1.28) I«Ih*(/;x)+/  t'1'20 [    \u{k)(T)-u^\t + T)\2dTdt

is finite coincides withHs(I;X) and (1.28) defines an equivalent norm onH2(I;X).
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REMARK 1.8. In the general case / = (a, b) the integral in (1.28) has to be

replaced by

f "\-1-2/3   f      '\uW(r)-u^k\t + T)\2dTdt.
Jo Ja

Moreover we can replace the upper bound b — a of the outer integration by any

6e(0,b-a).
PROOF OF THEOREM 1.7. By Proposition 1.5 it is sufficient to prove the

result for s G (0,1), i.e. k = 0 and s = ß G (0,1). Let ||u||/f/3(/:x) be the norm

defined in (1.27) where

/•l /-O0

\v\%e(R;X) = \v\Ih*;X) + /   i_1_2/3 /      Ht) - v{t + r)\2dTdt.
JO J — oo

(See (1-16)* and the remark following it.) Then obviously

\u\h0(I;X) < \v\h?(R;X)

for all v G H0(R; X) with rv = u. Thus

(I-29) |«|jí'(/;X)  <  ||«||h»(/;X)-

On the other hand

(1-30) \\u\\h0{I;X)  < \P0u\Hß(R;X),

where po is the extension operator defined in §1.2.5 with m = 1.   Since po G

£{L2{I;X),L2(R; X)), it is clear that

(1-31) \pou\l*{r-,x) < c|u|L2(/;X).

Therefore it remains to estimate

/•l /-OO

J= t-1'20 \(P0u)(T)-(P0u)(t + T)\2dTdt.
Jo J -oo

In our situation po has the simple form Po = 9i + 92, where for u G L2(I;X)

( ax(-2-T)u{

for r > -1,

-2 - r)     for r < -1

and

Therefore

(      \i \      Í <xA-T)u(-T)     for r > 0,
(Q2u){t) = i

( a2(r)u(r) for r < 0.

J < 2 I ' i-1'20 f°° \(qiu)(r) - (qxu)(t + t)\2 dr
Jo J-oo

rl roo

+ 2       i-1'20 \(q2u)(T)-(q2u)(t + T)\2dT
Jo J-oo

=:2(J1+J2)-

dt

dt
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In the following we only give the estimate for J2. Taking into account the definition

of q2 and the fact that a2(r) = 0 for r < —1 we obtain

J2= [  r1-20 [       \(a2u)(t + t)\2 dr dt
Jo J-l-t

+ [  r1-20 f     \{a2u){r) - {a2u){t + t)\2 dr dt
Jo J-i

+ í  i'1'20 [   |(o2u)(t) - a2{-t - r)u(-t - t)\2 dr dt
Jo J-t

+ /   i-1'20 f     \cx2(-t)u(-t)\2 dr dt
Jo Ji-t

= 2   i    t-l-2ß   f |(a2U)(r)|2d7.di

+ í  r1-20 Í    \{a2u)(T)-{a2u)(t + T)\2dTdt

+ í  r1-20 Í   \{a2u){r) - {a2u){-t - r)\2 dr dt

=: 2IX + I2 + I3.

Observing a2(r) = o((l + T)a) as r —» —1 for any a > 0 we get for Ix the estimate

/•l rt-l

h< I   t-1-20   max   |a2(fj)|2 /       \u(a)\2dadt
Jo [-M-1] 7-1

<W\h(i;X) [  I'1'20   max   \a2(a)\2dt
Jo I-1.*-1)

< C\U\h(I;X)-

The estimate for I2 is

h<2¡  r1'20 í     |a2(r)|2mr)-Mí + r)|2drdí
Jo J-i

+ 2 f  r1-20 [    \a2{r) - a2(t + r)\2\u{t + t)\2 dr dt
Jo J-i

<2 í   r1-20 Í     |u(r) - u{t + t)\2 dr dt

+ 2max]\a'2(T)\2\u\2LHI.<x)J  tl~20dt

^ c\u\h»{I;X)-

For I3 we have

h<2Í  r1'20 Í   \a2(T)-a2(-t-T)\2\u(T)\2dTdt
Jo J-t

+ 2 [  r1'20 f   \a2(-t-T)\2\u{T)-u{-t-T)\2dTdt
Jo J-t

=:A + B,
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where (observe |i + 2r\ <t and — 1 < — t — r < 0)

/•l ro
A < max |a'2(r)|2 /   t1'20 /    \u{r)\2dTdt

< ™™\<*2(r)\MUi-,x) f t'-20dt

= C\U\h(I;X)-

The estimate for B is

r1 r°

f0     /-O U,i^\_„t„\\2

B<2¡  r1'20 Í   \u{t) - u(-t - t)\2 dr t

-¿¿Life****
r°    r°       \u{r)-u(a)\2

+2/3   drda
y_i;_i_CT ir-ai1

<0 f°   [° \u(T)-u(a)\2
-2LL   \r-o\M  dTda

where we have used — a — r = |r| + \a\ > \r — a\. Using symmetry of the integrand

in the last integral with respect to the line r = a we obtain

f°   f° \u(t) - u(a)\2  ,   ,
/ |i+2¿   drda/■"   /-"Kr)-

J-iL     \r-c

= 4 /  i-1"2" /     |u(t) - u(r - t)\2drdt
Jo Jt-i

= 4ft-l-2ßf       \u(j)-U(t + T)\2dTdt
Jo J-l

<M2Hß(I;X)-

Putting all estimates together leads to

r    ^    I    |2
J-i <c\u\Hß{I.x).

Since J\ is estimated analogously, we have J < c\u\2Hg,¡.x^ and together with

(1.30), (1.31) also

IMIh"(/;X)  < cMh"(J;X)-

REMARK 1.9. An alternate proof for Theorem 1.7 can be given by invoking

the Theorem of Reduction. Since it relies on Lemma 1.12 below, we preferred the

approach using the projection operators.

1.2.9. Another equivalent norm using the modulus of continuity. We give an alter-

nate semigroup characterization of Ha. As in (1.15), (1.16) let A be the infinitesimal

generator of a uniformly bounded Co-semigroup T(t) with D{Am) = Hm(R; X) for

some m G N. We first consider the case HS(R; X), s < m.

PROPOSITION 1.10. Let s = k + ß with k G N and ß G (0,1). Then the set of

functions u for which
/•OO

(1.32) Md(a*)+/     t-1-20  snp  \(T(h) - I)Aku\2L2{Ri
Jo 0<h<t

x)dt



14 F. RAPPEL AND K. KUNISCH

is finite, coincides with HS(R;X). Moreover (1.31) defines an equivalent norm on

HS{R;X).

PROOF.   Recall the definition of ||w||hs(r;x) in (1-16).   Clearly ||u||/í«(r;x) is

bounded above by the norm in (1.32). It thus suffices to prove

roo

(1.33) j<c     i-^Krw-JM*«!!^*)*,
Jo

where c is independent of u G HS(R; X) and

/•OO

J= /     t-1-20  sup   \(T(h)-I)Aku\2L2{R.x)dt.
Jo 0<h<t

Let v = Aku and observe that

J <2

(1.34)

Using

/•OO

Jo

/•OO

2/   r1
Jo

sup
0<ft<t

-1-2/3 sup
0</i<t L2(R;X)

\(T(h)-I)j\T(r)-I)vdr

l±(T(h)-I)J*T{T}vdT

j{T{h) - I) [ T{r)vdT =\a f  T{a) [ T{r)vdTda
* Jo *    Jo Jo

= - f  T(a)A [ T{T)vdrda
t Jo Jo

= \j  T(a)da(T(t)-I)v

dt
L2(R;X)

dt.

we get

(1.35)

sup
0<ft<t

\(T(h)-I)f T{T)vdr\
1 Jo I

<   sup   ^( fh\\T(a)\\da)   \(T(t) - /)»|£a(R.x)
0<ft<t i     Wo /

lL2(R;X)

2

<M2|(T(í)-/HÍ2(R;x),

where M is the uniform bound for T(t). The second integral in (1.34) satisfies

2

dt
L2{R;X)

f°° I 1 f*
/     r1-2"  sup   \-{T{h)-I)      {T(T)-I)vdT
Jo 0<h<t I t J0

<(M + l)2 /~ r1-20^ ( f \(T(r) - I)v\LHR,x)dr
(1.36) Jo *   \Jo

rOO rt

<(M + 1)2 t~2-20       \(T(r)-I)v\2LHR.tX)dTdt
Jo Jo

=ifî!!jfv,"M|<T<T) -'*<**>*•
The estimates (1.34)-(1.36) imply (1.33) and the claim is verified.

dt
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If T(t) is the shift semigroup then

w(t,v)=   sup   |T(ri)i;-?;|L2(R.x)
0<h<t

is called the modulus of continuity of v. In this case (1.32) becomes

/•OO

(1.37) MW-x)+/     t-^Mí.tWdí
Jo

and gives another equivalent norm for HS(R;X). Again the upper bound oo in the

integral can be replaced by any 6 > 0. For the spaces H3 (I; X) we have

PROPOSITION l.ll.   Let s = k + ß with k G N and ß G (0,1).  Then the set of

functions u for which

(1.38) \u\2Hk(I.x)+   [    r1'20    SUp     Í        \uik){h + T)-U{k){T)\2dT
Jo 0<h<tJ-l

dt

is finite, coincides with H"(I;X). Moreover (1.38) defines an equivalent norm on

HS(I;X).

PROOF. Let ||«||h«(j;x) be the norm defined in (1.27), using the norm |u|j/»(r;x)

in (1.37) for HS(R; X). Furthermore, recall the norm ||u||h»(R;X) defined in (1.16)*

and let || ||u|| ||hs(/;X) be the norm in (1.28) and |u|j/«(/;x) the norm of the theorem.

Then for u G Hs{î; X) we have

IMIi/»(/;X) < |pou|h=(R;X) < c||pou||h»(r;x)

< C|| ||u|| \\h'(I;X)  < c\u\H,{I.xy

Here we have used p0 G £(H3(I;X), HS(R;X)). The inequality

Mtfs(/;X)  < II ||w|| Hh»(/;X)

is obvious and the result is proved.

1.2.10. Concatenation of functions. Let —oo <a<d<b<oo and choose an

integer m > 0. Then it is obvious that for v G Hm(a,d;X) and w G Hm(d,b;X)

such that t/fc' (d) = w^ (d), k = 0,..., m — 1, the function

(1.39) u(r) = |
v(t)      for t G [a,d],

w{t)     for t G [d, b]

is in Hm(a,b;X). In order to prove an analogous result for real s > 0 we need the

following lemma.

LEMMA l. 12.   (a) Let a G (0, |).  Then there exists a constant c > 0 such that

J  t~l~2a j   W)\2 drdt < c|0|Jr.(_1,o.JO

for all <p€Ha(-1,0;X).

(b) Let a € (5,1).  Then there exists a constant c > 0 such that

j  t-1-** J t \4>(t) - 0(O)|2 dr dt < c\4>\2Ha{_xfi,x)

for all <peHa(-1,0; X).
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PROOF. Part (a) is a special case of [17, Theorem 4.3.2], whereas (b) does not

seem to be readily available in the literature. For the convenience of the reader we

give the proof for both cases.

Define
f <j>{-t)     for 0 < t < 1,

h{t) =
0 for t > 1

in case a £ (0, j) and

h(t) = Í *H) - 0(0)     for 0 < Í < 1,
I  - 0(0) for í > 1

in case a G (§,!)• Then integration by parts gives

Since

we get

/  r1"20 / \h(r)\2 dr dt = — [ r2a\h{t)\2dt
Jo Jo 2a J0

+ h,'7s-r,ijk^dr-l0hw2dr-

t~2a f  \h{r)\2dT< [ r-2Q|/i(r)|2dr,
Jo Jo

lim r2a [  |/i(r)|2dr = 0
*-o+ Jo

provided f0 r_2a|/z(r)|2 dr exists. In that case

(1.40) f  rl'2a [  \h(T)\2drdt< -?- /   r-2Q|/i(r)|2dr.
Jo Jo 2a Jo

We give a bound for ¡¿ t-2q|/i(t)|2 dr, which will justify (1.40) and verify the

lemma. We put

(1.41) v(t) = h(t) --( h(r) dr = \ f [hit) - h(r)} dr
t Jo l Jo

for í > 0 (compare [17, p. 261]). Since h(t) — h(r) = 0 for t,r > 1, we have

v(t) = 0(1 /1) as t -► oo. Therefore v(t)/t = 0{l/t2) as t -> oo and ¡t°°{v{T)/r)dT

exists for all t > 0. Then using (1.40) we get

h(t) - v{t) + H ^ dr = - Í h{r) dr + f°° (^- - ^ Í h(a) da) dr

1   fl
= lim - /   h(r) dr

t^00 t Jo

0 for a €(0,1),

-0(0)     for a G (±,1).
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Therefore, for t > 0,

(1-42) h{t) = Jt

»(*)-/     — dr-0(O)     for a G (1,1).

In case a G (5,1) we have h(0) = 0 and by continuity of h also v(0) = 0. Therefore

by (1.42)

(1.43) lim  f    ^dT = -0(0)     in case a G ( -, 1 J .

Using (1.42) we also obtain

/•OO /-oo

/   r2a\h(t)\2dt<2      r2a\v{t)\2dt
Jo Jo

f'if^H- -H).+ 2 /     í

and
/■OO /-OO

/    t~2a\h{t)\2dt<2        t~2a\v(t)\2 dt
Jo Jo

+ 2fYHf° — dr + 0(O)
./0 Ut r

di,        aGl-,11.

The Hardy inequality as stated in [5, Lemma 3.4.7] (second inequality with

q = 2 and cxbb = (1 - 2a)/2 if a G (0, \) and first inequality with q = 2 and

aBB = (2a - l)/2 if a G (1,1)) gives

2       /-OO

f'^ir^H jis(¿t) jf*—kop*. .€(>!),
and

jfr*|jf^* + *<w|,*s(siT),jfr*W<)l'*

«elj.il.

Note, that because of (1-43) we have

Jo      T Jt T

in case a G (5,1). Therefore

/•OO /-OO

(1.44) /    t~2a\h(t)\2 dt < 6        r2a\v(t)\2 dt,
Jo Jo

where 6 depends on a only. By (1.41) and Cauchy's inequality we get

/•OO /•oo rt

(1.45) /     t~2a\v(t)\2 dt < r1-2"       \h(t)-h(T)\2drdt.
Jo                             Jo Jo
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Observing that h(t) — 0 for t > 1 in case a G (0, \) we have

rOO pt

¡     t-l~2a /   \h{t) - h{r)\2 dr dt
Jo Jo

pi pt pOO pi

(1.46) =/   t~l~2a /   \h{t) - h{r)\2 dr dt +        r1'2« /   |/i(r)|2drdí
./o vo Ji Jo

=  f  rl~2a [  \h(t) - h(r)\2 dr dt + -!- /   |/i(r)|2dr.
Jo Jo 2a y0

Similarly we get in case a G (h, 1)

/•oo /•£ /»l /•£

/     r1-2" /   \h(t) - h{r)\2 dr dt =        tl~2a j   \h(t) - h(r)\2 dr dt

(1 471

+ ¿/QW)+0(O)|2dr.

Performing a change of variables in the first integral on the right-hand side of (1.46)

(or (1.47)) we obtain

f  t~l-2a f \h(t) - h(r)\2 dr dt = [  rl~2a I   |0(£)-0(r)|2drdi
Jo Jo Jo J-t

= f    f       (í-r)-1-2a|0(r-í)-0(r)|2drdí
./o  J-i+t

: f  rl~2a í       |0(r-í)-0(r)|2drdí
./o J-i+t

= [  t-l-2a f     |0(r)-0(r + i)|2drdi.
./o J-i

The second integrals in (1.46) and (1-47) obviously equal f_x |0(r)|2 dr. Then from

(1.39) and (1.44)-(1.48) we obtain the desired estimates.

PROPOSITION   1.13.   Assume that v G Hs(a,d;X),  w G Hs(d,b;X) where

s = k + ß, k G N, ß G (0,1) and let u be defined as in (1.39).

(a) If ße (0,1) andv^(d) = w^(d), j = 0,..., k - 1, then u G Hs(a,b;X).

(b) ///?e(l,l) and v^{d) = w^{d), j =0,...,k, then u G Hs(a,b;X).

PROOF. Obviously u G Hk(a,b;X). It remains to estimate (see Remark 1.8)

(1.48)

<

J=   ["'ri-20   ['    \u^(T)-U^(t + T)\2dTdt
Jo Ja

= [    "í-1"2" f    V(fc)(r)-í;(fe)(¿ + r)|2drdí
Jo Ja

+   [ i"1-20   f      * \wW{T)-W^(t + T)\2dTdt
Jo Jd

pb — a pmin(d,b — t)

+ r1-20 \v^(r)-w^(t + T)\2drdt
JO */max(a,d—t)

=: Ji+J2 + J3-



INVARIANCE RESULTS FOR DELAY AND VOLTERRA EQUATIONS 19

Trivially we have Ji < \v(k)\2H0(a4.x) and J2 < \w(k)\2Ha^db.xy For J3 we have

rb — a pmin(d,b — t)po — a pimri(a,o — ii

JZ<2 I'1"20 \vW(T)\2dTdt
Jo J m&x(a,d—t)

rb — a fmin(b,d+t)

+ 2       r1-20 \w^k\T)\2dTdt
Jo Jmax(d,a+t)' max(d,a+t)

=:A + B

in case ß G (0, \) and

rb—a pm'm(d,b—tpo—a pm\u\a,o—i)

Jz<2\       r1-20 \v^(r)-v^(d)\2dTdt
Jo Jma,x(a,d — t)

fb — a rmin(b,d+t)

+ 2        r1-20 \wW(T)-w(k\d)\2drdt
Jo Jm&x(d, a+t)

in case ß G (|,1) where we use t^fc)(d) = u>(fc'(d).

For A we get using Lemma 1.12(a) (with obvious changes of variables in the

integrals)

t-d—a rd rb—a

a< f " r1"2" /   |^(r)|2drdi+ / " r^di-i^i2^^
JO Jd-t Jd-a

<c\vik)\2Hß(a,d;X)-

Similarly,

rb—d rd+t rb—a

B < f "   i-*-20 f "    \w^(r)\2drdt+ f "at-l-2ßdt.\wW\lHdMX)
JO Jd Jb-d

<c\v(k)?Hß<d,bxXy

In case ß G (\, 1) we proceed analogously using Lemma 1.12(b).

1.3. Notation. We summarize some additional notation. A list of symbols can

be found at the end of this paper.

Throughout Hm+a, m = 0,1,2,..., a G (0,1), are the fractional order Sobolev

spaces of §1.2.    If / =  (—oo,0) we employ the weighted function space L2  =

L2(-oo,0;X), with |0|22 = f_00 \(j>(t)\2g(t)dt. The assumptions on g will guar-

antee that L2 is a Hubert space again. Similarly we put H™ = H™(-oo, 0; X) and

fjm+a _ n™+a'—cx),0;X) (i.e. dt is replaced by g(t)dt in the respective norms).

Furthermore we use the product space Zg = Rn x L2. Frequently we shall drop the

notation for the interval / if it is [s, T], so that Hm(X) = Hm(s, T; X), for example.

Also the notation for Rn as the image space is dropped if no confusion can arise.

The set of bounded linear operators between Banach spaces X and Y is denoted by

£(X, Y). Finally the solution of (1.1) with initial time s, which is fixed throughout,

is denoted by x(t) = x(t;r¡,<p,f,q) where q = (A0,. ■., Ak, A,Bi,... ,Bk,B).
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2. Invariance results. In the following let q = (A0,... ,Ak,A,Bx,.. .,Bk,B).

q will vary in one of the following spaces:

Q =

Q' =

q; =

r A
X L2(Rnxn)

i=0

k
X Z,2(Rnxn)

i=0

k
X L2(Rnxn)

¿=o

x L2(L2) x

x L\L\lg) x

!     -
l/f?

xL2(L2   )x

X L°°(Rnxn)

i=l

k
X L°°{Rnxn)

i=l

k
X L°°{RnXn)

xLP(L2x/g),      2<p<oo,

2   1
L/ffJx ¿2(¿2/J,

x {B G L2(L2/g) | |B|£3(i?/B) < r},      r > 0,

i=0
Vm —

m = 1,2,..., and

x/i—^L^x X Hm{Rnxn)

i=l
*Hm(L\/g),

x r-1+a(R"><")
t=0

xHm-1+a(L2/g)x
¿=i

xHm+a(L(/g)

for m = 1,2,... and a G (0,1), a ^ 1.  The I1 -product-space-norm for q G Q is

denoted by |<?|q and similarly we use \q\c-, \q\çm, and \q\Qm+a-

The case a = | corresponds to a parameter for which the Hardy inequality is

not available. This inequality is used in the proof of Lemma 1.12 below which is

basic for the proof of the fundamental Lemma 3.3.

We next list the assumptions on the weighting function g and on the coefficient

matrices which will be used in this paper:

(HI) g G L^r(—oo,0; R), g > 0 a.e., and there exists a function

GGL£c(-oo,0;R)

such that for almost all s G (—oo,0]

g(t + s)< G(t)g(s)     for all t < 0.

(H2) For any compact interval / C (—oo, 0] there exists a constant m = m{I) > 0

such that g(s) > m a.e. on I.

(H3) <7GQand/GL2(R").

(H3*)gGQ* and/GL2(R").

(H3m) q G Qm and / G Hm(Rn).

(H3m+a) q G Qm+a and / G Hm+a(Rn).

Conditions of type (HI) and (H2) occur frequently when infinite delay equations

are investigated in state spaces like Rn x L2 (cf. [6, 10]). We shall also use the

following notations.
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Assume that (H3*) holds and let x: (-00,T] —» R" be such that xt G L2 for

í G [s,T\. Then we put

kk rO

L(t)xt = ]P Ai(t)x(t - r,) + /     A(t, a)x(t + a) da,
1=0 J-°°

k pO

D(t)xt = x(t) -^2Bi(t)x(t - ri) - /      B{t,a)x{t + a)da
:      , J — OO1=1

a.e. on [s,T\. Thus (1.1) can be expressed as

D(t)xt=       L{s)xsds + f(t) + v     a.e. on [s,T],

xs = 0.

Furthermore, if g G H™ and (H3m) is satisfied, we put

k    3

{D{8)*)W = 0<%) - £ E (i) Bt^i^H-n)
i=l    1/7777770      ^ '

j = 0,..., m — 1, and

k    3

¿=0 v=0  ^     '

v=0

j = 0,..., m - 2. If x: (-00,T] -» Rn is such that zt G if™ for s < t < T and

xs = 0, then

/ ^      dJ
(D(s)çb)^ = zjfjD{t)xt |t=s,        j = 0,..., m - 1,

dJ
(L(S)0)W = ^L(t)xt \t=s,        j = 0,...,m-2.

For x{t) = x(t; r¡, 0, /,q), y(t; r¡, 0, /, q) is given by (1.4). For fixed q we define by

*,(»?, 0, /)(0 = (»(*;»?, 0,/, Q) - f(t),xt(v, 0, /,9)),        í G [s,T],

a mapping $g from Z9 x L2(s,T;Rn) (or a subspace) into a space of Z9-valued

functions on [s,T] (to be specified in the statement of our results). Analogously,

for fixed 77,0, / we put

*u,*,/(0)(O = (»(*! »Ï, 0, /, Q) - fit), Xt(ti, 0, /, q)),        t G [s, T}.

Thus ^n,4>j is a mapping from <2 (or a subspace) into a space of ^-valued functions

on [s,T].

The fundamental existence and continuous dependence results are given in the

following theorem.
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THEOREM 2.1.   Let (Hl) and (H2) be satisfied.

(a) If in addition (H3*) holds, then for all (r/, 0) G Zg, and all q G <Q* there exists

a unique solution x(t) — x(t;r¡,4>, f,q) of (1.1) on [s,T]. For fixed q G Q*,$q is a

continuous linear mapping Zg x L2(R") —> C(Zg). Moreover, y(t;r¡,<p,f,q) - f(t)

is absolutely continuous and satisfies

jt(y(t) - f(t)) = L(xt)     a.e. on[s,T\.

(b) For all bounded subsets S of Q (respectively, all bounded subsets S* of Q*

with r < 1) there exists a constant ß = ß(S) [resp. ß = ß(S*)) such that |$|, < ß

for all q G S (resp. q G S*).

(c) For all (77,0,/) G Zg x L2(Rn),^„^j is a Lipschitz-continuous mapping

Q —* C(Zg), resp., Q*x —► C(Zg), i.e. for any bounded subset S of Q, resp. S*of

Q* with r < 1, there exists a constant I = l(S;r¡,<p, f), resp. I = l(S*;r¡,(p,f), such

that

l*r,,0,/(<7l) - *7?,<¿,/(<72)| < l\qi - Q2ÏQ

for allqi,q2 G 5, resp. < l\qi~q2\ç- for allqi,q2 G S*. Moreover, for any bounded

subset R of Zg x L2(Rn) there exists a constant X = X(S;R), resp. X — X(S*;R)

such that l(S;r),<¡>,f) < X(S; R), resp. /(S*;r?,0,/) < X(S*;R), for all (r),4>,f) G
R.

An immediate consequence of assertions (b) and (c) is

COROLLARY 2.2. Let (HI), (H2), and (H3) (resp. (H3*)) be satisfied. Then

iv,4>,f,q) -> ®q{v,4>,f) {or equivalents (r¡,(p,f,q) -* $r,,4,j{q)) defines a
Lipschitz-continuous mapping ZgxL2(Rn)xQ —+ C(Zg) (resp. ZgxL2(Rn)xQ* —►

C(Zg) for anyr < 1).

For the following invariance results we need some additional notation: Assume

that (H3m) holds. For / G Hm(Rn) let

M1={(ri,<p)€Zg\<peH1g,D(s)<f> = r, + f(s)}

and for m = 2, 3,...

Mm - {(r?,0) G Zg | 0 G H™,D(s)<j> = r, + f(s),

(D(s)<p)^.= (L(s)0)(i-1) + fU\s), j - 1,..., m - 1}.

As we shall see, (»7,0) G Mm will be needed to guarantee that the solution is

(m — l)-times continuously differentiable at t — s. If the dependence of Mm on /

is relevant we write Mm(f).

PROPOSITION 2.3.   Let (HI), (H2), and (H3*) hold.

(a) /// is continuous, then t —» (y(t;r/,(p, f,q),xt(r},4>, f,q)) is continuous on

[s,T]. If in addition <f> is continuous, Bi G C(R"xn), i = 1,...,k,B G C(L2^g),

and r) — D(s)(p — f(s), then also x(t;r},<p,f,q) is continuous on (—oo,T], y(t) =

D(t)xt for allt G [s,T] and

-(D(t)xt - f(t)) = L{t)xt     a.e. on [s, T\.
dt

Furthermore, if also Ai G C(R"x"), i = 0,..., k, andAe G(L2/g) then D(t)xt -

f(i) is continuously differentiable on [s,T\.
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(b) Assume that (H3m) is satisfied and that (r¡,<p) G Mm,m > 1.  Then

y(-;r,,<p,f,q)eHm(Rn)      and     xt(r1,4>,f,q)zH™{-cX>,0;Rn)

for all t G [s, T].

THEOREM 2.4.   Let (Hl), (H2), and (H3m) be satisfied.
(a) For any q G Qm, $9 : Mm x Hm(Rn) —► C(Rn x H™) is a continuous affine

mapping.

(b) For all bounded subsets S of Qm there exists a constant ß = ß(S) such that

l$<-j(»7,0,/i) -$,(0,^/2) |c(r«xh-)< ß(\4> - 4>\h™ +I/1 -/2I/P") for allqe S

and all (r?,0) G Mm(/i), (M) € Mm(/2).
(c) For all (77,0,/) G .Mm x i/m(Rn), ^v,4>j is a Lipschitz-continuous mapping

Qm —v C(R" x HI71), i.e. for every bounded subset S of Qm there exists a constant

I — l(S;r), 0, /) such that

\^v,4>,f{qr) -*»j,*,/(92) \c(R»xH™)< l\qi -q2\çm      for allqi,q2 G S.

Moreover, for every bounded subset R of Mm x Hm(Rn) there exists a constant

X = X(S; R) such that

l(S;r),<l>J) < A(S;£)     for all (77,0,/) G R.

REMARK. Note that under the assumptions of Theorem 2.4, Mm x Hm(Rn) is

a closed affine subspace of R" x H™ x Hm(Rn). If /(')(<,) = 0, j = 0,.. .,m - 1,

then Mm x Hm is a closed linear subspace of Rn x H™ x Hm(Rn) and $, G

C(Mm x Hm(Rn),C(Rn x H™)).

Assuming (H3m+a) we define for / G Hm+a(Rn), m = 1,2,...,

{ {(77,0) G Mm I 06^+«}     for a G (0,1),

{(v,<t>)eMm\<l>eH?+a,

(£>(s)0)(m> = (L(s)0)(m-1> + /<m>(s)}     for a G (1,1).

THEOREM 2.5.   Let (HI), (H2), and (H3m+a), a G (0,1), a ¿\, hold.
(a) For every q G Qm+a, $, : Mm+Q x #m+<*(R") — C(R" x ¿2"™+°) w a

continuous affine mapping.

(b) For a// bounded subsets S of Qm+a there exists a constant ß — ß(S) such

that

Mm+a

\®qiV,<P,fl) - ®q(0,1p, f2)\c(Rr>xH™+a)  < £(10 ~ 01//™ + " + l/l ~ J^\h^+")

for allqe S and all (77,0) G .Mm+Q(/i), (0,0) G Mm+a(/2).
(c) For o// (77,0,/) G Mm+a x 7fm+Q!(Rn) and ewerj/ bounded subset S C <2TO+Q

i/iere exists a constant I = l(S;r),<f>,f) such that

l*»7,0,/(9i)-*»?,0,/(92)lc(R«x/i9m+a) <%i-92|Qm+a     for allqx,q2e S.

Moreover, for every bounded subset R of Mm+a xHm+a(Rn) there exists a constant

X = X(S; R) such that

l(S;ri,<p,f) < X(S;R)     for all (77,0,/) G R.

REMARK. As an immediate consequence from Theorems 2.4 and 2.5 we get that,

under the assumptions of these theorems, (?/(<; 77,0, f,q),xt{r),4>, f,q)) G Mm(t),
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respectively G Mm+Q(í) for all t G [s,T], where Mm(t) and Mm+a(t) are defined

like Mm and Mm+a with s replaced by t.

A special type of equation contained in (1.1) is given by

(2.1) x(t)= i B{t-a)x{a)da+ f   [  A{t - a)x(a)dadr + f{t)
Jo Jo Jo

a.e. on [0, T] or, equivalently by

y{t)= i   i  A{r-a)x(a)dadT + f{t),
(2-2) Jo Jo

x(t)=y(t)+      B(t-a)x(a)da,
Jo

a.e. on [0,7/].

Equation (2.1) contains as special cases Volterra integral- and intergrodifferen-

tial equations of convolution type. There are two possibilities to subsume equa-

tion (2.1) under (1.1). The first one is to assume that A(—a) and B{—a) are in

L\/g(-oo,0;Rnxn) and to take 0 = 0. Then (2.1) is equivalent to

/0 pt    pOB(-a)x{t + a)da+        /      A(-o)x{t + a)dadr + f(t)
-oo Jo   J—oo

a.e. on [0,T],

x(t) =0     for t < 0.

The advantage is that the homogeneous equation (i.e. / = const) is autonomous.

But if one is interested in regularity properties of solutions the conditions on Propo-

sition 2.3 for example are more restrictive than necessary. Note, that the condition

(0,0) G Mm{f) is an additional condition of /.

The second possibility to consider (2.1) as a special case of (1.1) is to take any

0 G L2(—oo,0;Rn),o being any function satisfying (Hl), (H2) and to define

f A(-a)     for -r<<7<0,

12 3Ï l ° fOT ° < "T-

{ ■ > j B(-a)     for  - r < a < 0,

( 0 for a < —t.

Then (2.1) is equivalent to

/0 pt     rO
B(t,a)x(t + a)da+        /     A(t,o)x(t + a)dadr + f(t),

-oo Jo   J—oo

a.e. on [0,T],

x(t) = 4>(t)     a.e. on t < 0.

However, for this equation Proposition 2.3, for example, is not applicable because

A(T,a),B(r,a) are not in Hm(0, T; L\, ), m > 1, even if A and B are sufficiently

smooth.

Therefore it is useful to take the special structure of equation (2.1) into account

and to prove the regularity results separately. In analogy to the general case we put

q = (A, B). The solution of (2.2) is denoted by x(t) = x(t; f, q), y(t) = y(t; f, q), t >

0. Let T > 0 be given. For fixed q, f —► (y(-; f,q),x{-; f,q)) defines a mapping $9,

whereas for fixed / the mapping tyf is defined by q —> (y{-;f,q),x(-;f,q)).
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THEOREM 2.6. (a) Let q G Q := L2{0,T;Rnxn) x L2(0,T;Rnxn) and f G

L2(0,T;R"). Then there exists a unique solution (y{-;f,q),x(-;f,q)) of (2.2) on

[0,T] such that

^-(x(t)- [ B(t-a)x(a)da- f(t))= [ A{t-a)x{a)da
dt Jo Jo

a.e. on [0,T] and limt_0+ [x(t) — f(t)] = 0. Moreover, $g t'a a bounded linear

mapping L2{0,T;Rn) -► L2{0,T;Rn) xL2{0,T;Rn). For any bounded subset S of

Q there exists a constant ß = ß(S) such that

\$q\<ß     for allqe S.

For all f e L2(0, T; R"), * j is a Lip s chitz-continuous mapping Q —» L2(0, T; Rn) x

L2(0,T;Rn), i.e. for any bounded subset S of Q there exists a constant I = l(S; f)

such that

l*/(?i) - */(ç2)Il2Xl2 < i\qi - q2¡Q

for allqx,q2 G S. For any bounded subset R of L2(0,T;Rn) there exists a constant

X = X(S; R) such that

l{S;f)<X(S;R)     for all f G R.

If in addition f e C(0,T;Rn) then also x(-;f,q) and y(-;f,q) are in C(0, T;Rn).
(b) Let qeQm-= Hm-2{0,T;Rnxn) x iïm-1(0,T;Rnxn), m > 1 an integer

(H^1 is understood to be L2 here), and f G Hm(0,T;Rn). Then $a is a bounded

linear mapping Hm(0,T;Rn) -► Hm{0,T;Rn) x Hm(0,T;Rn). For any bounded

subset Sm of Qm there exists a constant ß = ß(Sm) such that

\$q\ < ß     for allqe Sm-

For all f e Hm(0,T;Rn), tyf is a Lipschitz-continuous mapping

Qm-^Hm{0,T;Rn) x Hm(0,T;Rn).

Let l{S;f) be the Lipschitz constant of 9¡ on the bounded subset Sm C Qm- Then

for any bounded subset Rm of Hm(0,T;Rn) there exists a constant X = X(Sm; Rm)

such that

l(Sm; f) < X{Sm; Rm)     forallfeRm-

(c) Let q e Qm+a ■■= Hm-2+a(0, T; Rnxn) x Hm-1+a(0, T; Rnxn), a G (0,1),

a # 1, and f G Hm+a{0, T; Rn) {here we put

Hm-2+a{0,T;Rnxn) = L2(0,T;Rnxn)

for m = 1), m = 1,2,_ Then <!>, is a bounded linear mapping Hm+a(0, T; R") —>

Hm+a(0,T;Rn) x Hm+a{0,T;Rn). For any bounded subset Sm+a of Qm+a there

exists a constant ß = ß(Sm+a) sucn that

\$q\ < ß     for all q G Sm+a-

For all f G Hm+a(0,T;Rn), */ is a Lipschitz-continuous mapping

Qa^Hm+a{0,T;Rn) x Hm+a{0:T;Rn).
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Let l(Sm+a'i f) be the Lipschitz constant of ^j on the bounded set Sm+a C Qm+a-

Then for any bounded subset Rm+a of Hm+a(0,T;Rn) there exists a constant

X = X(Sm+a; Rm+a) such that

¡{Sm+a'-, f) < X(Sm+a't Rm+a)       for all f G Rm+a-

We shall not give the proof of this theorem. For the convenience of the reader we

state the a priori estimates which are analogs to the estimates contained in Lemmas

3.1-3.3. With these estimates the proof of Theorem 2.6 is quite analogous to those

of Theorems 2.1, 2.4 and 2.5.

Let U —U(A, B, f) be the operator defined by

(U(A,BJ)x){t)= [ B{t - a)x(a) da + í   [  A(r - a)x{a)dadr + f{t)
Jo Jo Jo

a.e. on [0,T]

for x e L2(0, T; Rn). For the definition of the norms | • |M, | • |m,M, | • \m+a,p,P < 0,

and the convention on the constant c and the function p(p) see the beginning of

the next section.

LEMMA 2.7.   (a) Let f eL2(0,T;Rn) andqeQ.  Then

\U(A,BJ)x\fi<\f\L,-rp(ri)\q\Q\x\)J, x e L2(0,T;Rn).

(b) Let f e Hm{0,T;Rn) and q G Qm, m > 1 an integer. Then for the unique

solution x = x(-;f,q) of (2.1)

\x\h- = \U(A,BJ)x\m,ß < k(\q\Qm)\f\„m + p(ß)(\A\L, + \B\Li)\x\m,ß

where k: [0,oo) —► R+ is continuous, k(0) > 1.

(c) Let f e Hm+a(0,T;Rn) and q G Qm+a, a G (0,1), a ¿ \. Then for the

unique solution x = x(-; /, q) of (2.1)

\Am+a,p < c(l + |/i|)(l + |9|om+(,)|/|/f«.+« + P(rl)\q\Qm+a\x\m+a,p-

3. Proofs for the results of §2. The general idea for the proofs is a standard

one, namely to associate with equation (1.1) a fixed point equation in L2(s, T; Rn),

Hm{s,T;Rn) or Hm+a(s,T;Rn), respectively, and to show that the operator cor-

responding to equation (1.1) is a contraction. Using the standard norms in the

spaces mentioned above one would get the desired results on sufficiently small in-

tervals only and had to use stepwise prolongation of solutions in order to get the

result on any prescribed interval [s,T]. We shall avoid this prolongation procedure

by using equivalent weighted norms in the relevant spaces.

Let p < 0 be a real number to be specified later and define the norms

(3.1) \z\l= T eW-aMt)?dt,        zeL2(X),
J s

m  \diz\2

(3-2) l*lm,M = £bd   '        z£H™(X),m=l,2,...,
■,=777=0' 'm

and

(3-3) \z\2m+a^ = \z\l „ + [z^]2atß,        z e Hm+a(X), a G (0,1),
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where

(3.4)    [z(™>]2iM =  i' t~l-2a\e^-ah^{-) - ^(—+*)«(•»)(• + t)\lw_t.x) dt.
Jo

It is trivial that | ■ |M is a norm equivalent to the standard norm on L2{X). Corre-

spondingly | ■ \m,u is an equivalent norm on Hm(X). Equivalence of | • \m+a,p to

I ■ Im+a.o is based on the inequalities

|^(—>/(■)-^(—+*>/'(■+ i)li.(.,r-«ix)

< 2|/(.) - /(• + í)líW_t;X) + 2|/i|2i2|/||2(x)

and

1/(0 - /(' + i)l£*(s,r-t;x) < 2e2l"l(r-8)|e^-s)/(-) - e"<-+*>/(- + i)l£s(a,r-t;x)

+ 2í2e2H(T-S)(elMl_1)2|/|2

Here we used the inequalities l.-e*1* < |p|i for í > 0 and (1 -he1'"1')2 < i2(e^l - l)2

for 0 < t < 1. Using the norm (3.3) implicitly assumes T > s + 1. In order to

avoid unnecessary complications in the estimates to follow we assume throughout

this section that T > s + r +■ 1 and r\ > 1. The first assumption obviously is no

restriction. Similarly rx > 1 is no restriction since f0 can be replaced by /0 with

any 6 > 0 in (3.4) as mentioned in §1.2.

Let Y be one of the spaces L2{Rn), Hm(Rn) or Hm+a{Rn), respectively, with

the interval [s, T] suppressed in the notation. For zGlwe put

/     , / s      Í z{t) for s <t<T,
3-5 i( =    , ;   v   .    "

( 0(i - s)     for t < s.

The operator U = U(r¡, 0, /, q) is defined by

k ro

(3.6)

5(í,o-)a:(í + o-)do-
-00

*       /-t /-i    /-0

+ ^2      Aí(t)x(t + ri) dr +        /     A(r,<r)a;(r + o") dadr
i=0Js Js   J-oo

for zG F and í G [s,T].

In the following c, cx, c2,... will be nonnegative constants which may depend on

a,m,p,T — s,g,G but not on pt,r],qb, f or q. Similarly, c(p),ci(p),... and p(p) are

continuous nonnegative functions of p not dependent on 77,0, / or q. In addition

p(fi) will always satisfy lhm^-oo p(p) = 0. All these constants and functions need

not be the same on each occasion where they appear.

3.1. Proof of Theorem 2.1 and Proposition 2.3. In this case Y =
L2{Rn). The fundamental estimate is contained in the following lemma.

LEMMA 3.1.   Let (Hl), (H2) be satisfied.

(a) Assume (H3*) and let (77,0) G Zg.  Then

\U(v,<t>J,q)z\u < Ci|t?| +c2|o|q.|0|L2 + |/|LÎ + (p(p)r* + Ab(m))I*U
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for all z eY, where

r* = £|A«|L2 + |A|/,2 + ¿|¿%0

1=0 1=1

and 0 < heiß) < \B\l^ with lim^-,-00 /is(p) = 0.

(b) If (H3) is satisfied and (r),4>) G Zg, then

\U{r),<l>J,q)z\n < ciM+c2Mq|0|i,2 + |/|L2 -I- p(Ai)|ç|okU

for all z eY.

PROOF. The result will follow from estimates of the six terms on the right side

of (3.6). Obviously

(3-7)

Moreover

k,U<Cr-s)1/2|77|     and     |/|M<|/|La.

|ßi(0*(--»-<)lM<|s<lioo f e2^-^\x(t-n)
J s

dt

1
<\Bi\lcc      supess-)|0|22+e2^|^l^

and therefore

(3.8) ¿JB¡(0*(--n
i=l

<    ¿|Bî|^)(c|0|L2+p(p)|z|/J

u=l

Next we have the estimate

\j      B(-,a)x(-+a)da     <2        ( \B{t,o+■ s - t)\\<p(a)\da)   dt
U—OO fj. Js       \J — oo /

+ 2 Í   e2^1-^ (Í \B(t,a-t)\\z(a)\da\   dt

=:I + II.

We estimate I and II separately. Using the Cauchy inequality and (HI) we obtain

T   /    rO
\B(t,a + s-t)\'

g(a + s- t)H if-
<2(supessG]|S|22(L2   ,1011,.

d°~ ) ( /      \<t>(o)\2 g{o + s-t) do) dt
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Using the Cauchy and Holder inequalities and Minkowski's integral inequality (see

for instance [13, p. 14]) we get with -y = supessjs_r 0] g

^f^-1 {f;iip7f *) (/w*-o*) *
<2n Í \B(t,-)\2L,    fe2^-sM°-)\2do<

Js l'° Js
dt

1 s

-T   /    rtar f pt np/(p-2)     \ (p-2)/p
(^ e2»^\z(a)\2do) dt\

T   I   rT

7n-2\ip~2)/p
****■«»> (y)   «

(p-2)/p

„2M(t-<r)/,2Ai(<r-s)|_/_\|2'vP/(p-2)*w di d<r

and therefore

(3.9)

,0 I

/      S(.,o-)x(-+o-)do-    < \B\LP{L2   )(c|0|L2+p(p)|z|M)
J-00 l„. ,g

if (H3) holds. Similarly we find by the dominated convergence theorem

(3.10)

,0

/      B(-,a)x(- + a)da    < \B\L2(L2   )(c|0|L2 + hB(p.)\z\ß)
J-00 „ lg

if (H3*) holds. Here the function hß(p) has the properties stated in the lemma.

It is easy to obtain the estimate

1/ Ai
\J s

(t)x(t - ri)dr <{T-s) fsupess-] |Ai|22|0|22

+ T—Mi\h\z\l,        i = 0,...,k,

and consequently

k

(3.11) < ¿i^uO^^+^i^-
<i=0

Finally we observe that

r-rjf   f
/    /       A(t,o)x(t + o)dadr\

Js    J — OO \u

<2 f    (je^-^r   \A{T,a-T)\\<t>(a-s)\dodT\    dt

2¡    (í e^-s) Í   \A{T,ff-T)\\z{a)\dtTdr\   dt+

=:I +
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Using the Minkowski and Cauchy inequality we obtain

'/(/(/     \A(r,<y-T)\\4>{a-s)\da\   dt\       dr

\J8    \Jr    \J-oo     9{o-t)       °j

x   ( |0(o--s)|2o(rj-r)do-jdi j       dr

<2(supessG]|0|l2   |A|2     2  -.(T-s)2.

The estimate for II is

II£2(/^(/eî""")(/,

\A(t,q-t)\2

Q{° - t)
da

r     -j.

[   \z(°)\2g(°
. Ja

i V/2
r) da    dt\       dr

< 2   sup ess g
\[s-T,0]    j

[   \A(t,-)\lI,
,Js

(T      t \ 1/2        V
í      Í   e2M(t-<r)e2M(—')\z<a)\2d*dt\ dr

<JfT Wr,Mi{[ eW°-*>\z

T N  1/2

(o-)|2 / e2^t-°Utdo\       dr
Jmax(<7,r) /

< lT^K\A\hiLlg){T-s).

Summarizing these estimates we arrive at

(3.12)
J s    J — oo

)x(t + a) da dr < |A|L2(L2/9)(c|0|L2-r-p(p)|0|M).

The assertion of the lemma now follows from (3.7)-(3.12).

PROOF OF THEOREM 2.1. (a) Let zx,z2e L2{Rn). Then according to Lemma

3.1
\U{V, 0, /, q)zi - U{ri, </>, f, q)z2\ß = \U(0,0,0, q)(zx - z2)\ß

< (PÍP)T* + hBirl))\Zl - Z¡\„,

so that U is a contraction on L2 (Rn ) provided that p < 0 is chosen such that

a   = p(p)r* + hB(p7) < 1.

Then there exists a unique fixed point z G L2(R") of U and the corresponding

function x (see (3.5)) is the unique solution of (1.1).
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Next we show that the linear mapping $, has its range in C(Zg). Using (HI)

and the definition of x(t) we get

/
zt(r)|2o(r)dr < (supessG ) |0|£2 + e2^"r) (supesso ) |z|2

\[»-r.o]    /       " \[s-t,o]   J

which proves that (y(i) - f(t),xt) G Zg for s < t < T. Absolute continuity of

y(t;r¡,<j),f,q) — f{t) on [s,T] follows from (1.6). In order to establish continuity of

t —► xt we observe that for M < 0 and s<ii<£2<Twe have

/0 pM
\xtl(T)-xt2(T)\2g(r)dT<  /      \xtl(T)-xt2(T)\2g(T)dr

-oo J — OO

+ [ sup ess g I  /    \x(ti + t) — x(t2 + t)\2 dr

\   [M,0]      J J M
-I1+I2.

For Ii we get

/M+T-s pM + T-s
|xs(r)|2o(r + s-t1)dr + 2 \xs (r)|2o(r + s - t2) dr

-00 J — 00-00 j —00

)     /-M+T-s

/ |x/5(r)|2o(r) dr.
[s-T,0\

This shows that Ii can be made arbitrarily small for all t\,t2 G [s,T] by an appro-

priate choice of M. Then I2 can be made small by choosing t2 — ii small.

In order to verify that $? is bounded let z be the fixed point of 7/(77, (¡>,t,q), q G

Q*. Then from Lemma 3.1 we see that

(3.13) l^|/i<r^7(c1|r?|+c2|o|g.|0lL2 + |/|L2)

with a* as above. A short calculation using (HI) shows that

(3.14) |xt(77,0,/,o)|L2 < (supessG)      |(t?,0)|z „ + (supesso )      e"<a-r>|*|,i.

\[a-T,0]      J \[a-T,0]    J

From (3.13) and (3.14) we obtain

(3.15) sup   \xt\L2 < c\(r,,<p)\Zg + -^(|77| + (r* + \B\L2)\<f>\L2 + \f\„).
s<t<T g 1 - Of* o

Finally by (H2) and (H3*) we have

(3.16) \y(t)-f(t)\<\v\ + \ (supess-)      ¿|A,|L2
( \[s-t,o] gj     <t0

+ (r-s)1/2|A|L2(L2   ) I suplartlij.
/9   J  [s,T] "

These estimates imply boundedness of $q for fixed q e Q* ■ The final assertion of

(a) is easily verified.
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(b) If S* is a bounded subset of Q* with r < 1, then p can be chosen such that

à = p(p) sup r* + r < 1.

The assertion now follows with (3.14)-(3.16) and a* replaced by a as in (a). Simi-

larly, if S is a bounded subset of Q , there exists 7 such that |oJq < 7 for all q G S.

Then p can be chosen such that

p(ß)\q\Q < à:=p(p)7< 1, q G S.

We obtain

\z\ß<r£-=(\r)\+l\<l>\Li + \f\L>).

This together with (3.14) and (3.16) ends the proof of (b).

(c) We only verify the estimates for q G 5, 5 a bounded subset of Q, the proof

for the other case being quite similar. For (77,0, /) G Zgx L2(Rra) let z, denote the

fixed point of U(r], 0, /, o,) in L2, i = 1,2. Using Lemma 3.1 we get

\zi - z2\n = |f/(r/,0,/,íi)zi -U(r],4>,f,q2)z2\ß

<\U(0,0,0,qi)(zi-z2)\ß + \U(0,4>,0,qi-qi)z2\ß

< p(a0|9i|q|2i -z2| + (c|0|í,2 + p{p)\z2\v)\qi -q2\Q-

With 7, p, and à chosen as in (b) this implies

1*1 - z2\n < c(|0|L2 + |z2|M)|<7i - q2\Q,        qx,q2 G S.

This estimate together with (3.14) gives

(3.17) sup \(xi)t - (x2)t\L2a < c(|0|l2 + |z2|M)|<Zi - 92|q.

Here x, is the solution of (1.1) corresponding to z¿, i = 1,2. Analogously to (3.16)

we have

IViM - 1/2(01 < [ f supess  i j      + (T - s)1/2
\J»-T-r,0] ff/

■ <i 19i - 92|q sup \(x2)t\L2 + 7 sup |(xi)t - (x2)t\L2 ) .
{ ls,T] [a,r] 9J

Using (3.17) we obtain

(3.18) |j/i(i) - 2/2(01 < c    sup |(x2)t|L2 + |0|L2 + \z2\p    \qi - 92|q
\[s,T\ J

for 91,92 G S. Inequality (3.14) implies

(3.19) sup|(x2)t|L2 < (supessG)      \(v,<t>)\zg + \ supessg I      e/i(s-r)|z2|Ai.

From Lemma 3.1 (b) we further get for q2 G S

(3.20) \z2\ß < t4o(I/I¿2 + 1^1 + ̂ l^l^)-

The estimates (3.17)-(3.20) together prove assertion (c).
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PROOF OF PROPOSITION 2.3. (a) The first assertion is obvious from (1.6).

Under the additional assumptions the terms Bi(t)x(t — r¿), i = 1,..., k, are con-

tinuous on [s, s + ri}. Continuity of the second term on the right-hand side of (1.1)

follows from

/0 pO
B{tx,a)x(t1+a)da- /      B{t2,a)x(t2 +a)da

-oo J — oo

<\B(t,-)\L2   \Xti - Xt2\L2 + \B{h,-) - B(t2,-)\L2   \xt2\L2
1/3 9 \/g 9

Therefore x is continuous on (s,s + rx). At t = s we have x(s — 0) = 0(0) and

x(s + 0) = 0(0) -D(s)(f> + f(s) + r¡ = 0(0) by assumption. Therefore x is continuous

at í = s and Bi(t)x(t — r¿) is continuous at t = s + ri also. By stepwise continuation

we see that x is continuous on (—oo,T]. The proofs for the other statements are

easy.

(b) Assume that the result is true for m - 1, m > 2. Then (1.1) implies

k pO

xim-1\t) = ^2Bl(t)xim-1\t-ri)+ /      B[t,a)x(m-1)(t + a)da

¿=i J-°°
(3.21) ,m-2

+ ^(f)ií+/(m-1)(í) + Fm.1(í)     a.e. on[S,T],

x(m-1>(í)=0(m~1)(í-s)    a.e. on(-oo,s)

where

,m,

d k

Fj(t) = -Fj^W + ^BiMx^it-n)
i=l

,o

+ /      Bt(t,a)x^-1Ht + a)da,        j = 1,
J — oo

F0(t) = 7?.

Condition (H3m) and continuity of x(m~2> imply that /(£) = (dm-2/dtm-2)L{t)xt

+ /(m_1)(t) + Fm-i(t) is continuous on [s,?1]. Therefore we can prove continuity of

a;(m-i) on '—oo, T] as under (a) above; continuity of x'm_1' at t = s follows from

z(m-1)(s) = 0(m-1)(O) and

x(m-l)ts + 0) = (L(s)^(»n-3) + /(«-D(a) + Fm-l(s)

+ J2Bi(s)<j>{m-1)(-rl)-r [     B(s,a)^m'l\a)da

¿=i J-°°
= (D(s)0)(m"1) + 0(m"1)(O) - (£»(s)0)(m"1) = 0(m-1)(O).

Here we have used that (77,0) G Mm and

Fm-iW + ¿fli(^(m-1)(-ri)+ T   ^s,^—1» (ex) der

= 0(m-1)(O)-(£>(s)0)(m"1).
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Consider the equation

k

(3.23)

B(t,a)v{t + a)da
-oo

Jm — 1

+ -^—[L(t)xt + f^(t) + Fm(t)     a.e. on [s,T],

v(t) = 0(m>(£ - s)     a.e. on (-oo,0).

Continuity of x^m_1' and (H3m) imply that

jm—l

dtr
TL(t)xt + fw(t) + Fm(t)eL2(s,T;Rn).

According to Theorem 2.1 (with obvious modifications) there exists a unique so-

lution v of (3.23) on (-oo,T] such that vt G L2(-oo,0;Rn) for all í G [s,T\. We

shall show that v(t) — x^ (t) and define

S(O = 0(m_1)(O)+ f v(a)da, ÍG(-oo,T].

Then integration by parts yields

(3 24) / Bl(T)v(T-r7)dr = Bt(t)y(t-rt)- j Bl(T)y(T - n) dr

-S,(S)0(m-1)(-rt),        i = l,...,fc,

and

rt     pO pO

/    /      B(T,a)v(r + a)dadT - B{t,a)y{t+ a)da
Js   J—oo J— oo

(3.25) - í   f     Bt{T,a)y{T+-a)dadr
J s   J—c' s   J —oo

J — ot

ß(s,o-)0(m-1)(T)do-.

Integrating (3.24) from s to ¿ and using (3.24), (3.25), and (3.21) we obtain for

w{t)=y{t)-x(m-V{t):

k pO k      pt

w(t) = ^2Bl{t)w{t - rt) + B(t,a)w(t + a)da-^2      B1(t)w{t - r{)dT

i=i J-°° i=iJg

- Bt(r,a)w(T + a)dadt +M     a.e. on [s,T],
J s   J —oo

w{t) = 0     for t < s,

where

M = 0(m"1)(O) - /(m-1)(s) - L(s)0(m~2)

-   Fm-i(s) + ÍrBi(s)<t>{m-1)(-ri)+ [     B(s,a)^m-1Ha)da
._1 J — ooi=l
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From (3.22) and (77,0) G Mm we see that M = 0. Therefore w(t) = 0 on [s, T]

also and consequently v(t) = x^m\t) a.e. on (-00, T\. It is easy to see that

xt e Hgn(—oo,0;Rn) for all t G [s,T]. The case m = 1 is handled in an analogous

manner and the proof is finished.

3.2. PROOF OF THEOREM 2.4. In this case Y = Hm(s,T;Rn). We first

derive the following a priori estimate of the solution x which is guaranteed to exist

and to be sufficiently smooth by Proposition 2.3(b).

LEMMA 3.2. Let (Hl), (H2), and (H3m) be satisfied and assume (r¡,4>) G Mm,

m>l.  Then the solution x = x(-;?7,0, /, q) of'(1.1) satisfies

(3.26)
\x\m,ix = \U{r),4>,f,q)x\m,ß

<Ci|9lQm|0|/îg"*+c2|/|//m +p(p)|9loJa;|m,M-

PROOF. We prove the case m = 1 in some detail. The general case m > 2

can be verified by induction. Inequality (3.26) will follow from a series of estimates

which are quite similar to those in the proof of Lemma 3.1. It is easy to see that

(3.27) ¿flf(-)i(--rf)
¿=1

< (c|0|//9i + p(ti)\x\ß)^2\Bi\Hi
i=l

Further, the estimate of |/_    B(-,a)x{- +a)da\ß is similar to that in (3.9).  We

have, using the continuous embedding H1(L\, ) —► C(L\, )

1/
2

B(-,a)x(- + a)da

<2J    (J     \B(t,a + s-t)Ù(a)\do) dt

+ 2 í   e2"*'-*) (í  \B(t,a-t)\\x{o)\do)   dt

<Ci|B|W )\<¡>\h+c2\B\2H1{L2   , f fe2^-^e2^^\x(a)\2dadT
v 1/9'      » ^ '/«' ;s   js

<d\B\2L2 + 7zn\B\ffilr,2  AxL'(L*/t)mL* T 2\¡I\\°\HHL

s     J s

2

Ws>

so that

(3.28) 1/1 j —1

B(-,a)x(- + a) da < (c|0|//i + p(li)\x\i,n)\B\HHL2
<^/9)
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In the following estimate we use continuity of x at s:

i(t + a + ri)\2\<l,(t)\2dt

\x(o)\ da I    dt

\Bi(-)x(-- rx)\l <  f     \Ê,
J -r,

rT-n
+ g2ßn    / e2M(t —) |S,-(t + í-¿)|2|a:(*)|a <*«

J S

<c|¿.-|^l<¿+e2'"-i   I      ' eW-^Biit + n)? (\<l>(0)\+ f

<e\Bi\l2M2I¡+2e2^   í       \^t-^\Êi(t + rt)\2U\x(cr)\da\    dt

/T-T, rt
\Bi(t + r,)\2  I   e»«-*\x(o)\2d*ät

J S

<c\Èi\l2\4>\2Hl+2e2^(T-s)  í       ' |fl,-(t + r¿)|2  í  e
J s Ja

,2ß(a-s)
\x(o)\¿ dodt

<c\Èi\l2\4>\2H,+2e2^(T-s)\Èt\2L2\x\lIÀ.

This implies

(3.29) £fli(0*(--r<)
i=l

< (c|0|//9i + p(fi)\x\iiß)J2\Bi\Hi
»=1

The following estimate is similar to the one leading to (3.9):

l/°Bt(-,a)x(- + a) da < I + II,

where

and

I<c|Btlla(L?   )l0li2
\/g> 9

II < of \Bt(t, -)\lhg £ e2^-^ (|0(O)| + j° |i(r)|dr)   dadi

<c, |Alia(Lj/#)|^|ir»

+ c2f   \Bt{t,-)\2L2/g f (f e^-T)e^T-^\x(T)\dT\   da dt

<Ci|Äli»(L»)W2rj
v    i/»' 9

+ c2|T|i?i(i,-)|2L2/9^^I7e2^-s,|x(r)|2dr) (£ ^lt~T) dT) d°dt

<c\Bt\2L2{L2   , 101^1 +p(p)|5tlL2(^/9)|i|2J

and therefore

(3.30) /°   5t(-,a
J—oo

)x(- + o-)do- < (c|0|//9. +p(p)|x|i,M)|B|//i(L2
/!/'
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The next two estimates are completely analogous to those in (3.29) and (3.30):

(3.31) J2M-M--ri < (c|0|//¿ + p(p,)\x\1¡fl)^2\Ai\L2,
i=l

(3.32) 1/\j —<A(-,a)x(- + a) da <   [C\<J>\H1   + P(P-)\x\ltU)\A\L2{L2      j.
l/9>

1/2

Finally we estimate the term Ao(t)x(t) using the Minkowski integral inequality,

Cauchy's inequality and Fubini's theorem:

|Ao(-)x(-)|2<2^Te2^-)|Ao(í)|2|0(O)|2dí

+ 2 J   e2^-^\Ao(t)\2 (j \x(T)\dr\   dt

<c|Ao|i2|0|2„i +2 [jT (j\2^-°Mo(t)\2\x(r)\2dt\       dr

(T 7     T \ 1,¿ '

j   e"!'-)|¿(T)|    JÍ   e2^-)|Ao(í)|2dí)       dr

< c\Ao\2L2\4>\2H¿ +2\x\l JT JT e2^-^\A0(t)\2 dtdr

AAo\h\<P\2Hi +-^\x\lß £ \A0(t)\2 dt<c

and thus

(3.33) |A0(-)x(OU < (c|0|//i +p(p)|x|1,M)|A0|L2.

The estimates (3.27)-(3.33) together with Lemma 3.1(b) imply

\x\i,ß < (ci|0|m + p(p-)\x\i<ß)\q\Ql +C2I/I//1,



38 F. RAPPEL AND R. RUNISCH

which proves the claim for m = 1. For m > 2 we have

kK pO

I<m»(í) = ^B,(í)iW(l-r1)+ /      B(t,a)x^(t + a)da

i=i J-°°
k   m-1   /      \+ EE(7)ßim"J)(i)^)(i-^)

t=i 3=0   ^ J '

m_1 7m\    f°     7 r)m~i \

(3-34) +Z{J)J_oo(dt^3B(t,a)jx^(t + a)da

k   m-1   / . \

¿7777770     3=0        ̂  3 '

For the first two terms we use analogs to inequalities (3.27), (3.29) whereas for the

other terms we use inequalities of type (3.29), (3.30), and (3.33).

PROOF OF THEOREM 2.4. (a) As in the proof of Theorem 2.1(a), we find

by Proposition 2.3 that (y(t) - f(t),xt) G Rn x H™ for all t G [s,T] and that

*,(»?, 0,/) e C(s,T;R" x H?) if (v,4>,f,q) € Mm x Hm x Qm-
(b) Choose 7 such that |g|Qm < 7 for q e S and then p such that à = p(p)7 < 1.

Then by Lemma 3.2 we find for all (77,0) G Mm(fi) and (6,ip) G Alm(/2)

\x(-;ri,<j),fi,q) -x(-;6,i¡),f2,q)\m,p < J3¿(ciT|0 - "4>\h™ +c2|/i -/al»»)

for g G S. Moreover,

, y/2

kt(»7,0,/i,9) -xt(0,i¡),f2,q)\Hr" <    supessG |0 - ip\Hm
\[»-r,o]    y

/ y/a

+    supessg        e"(s  T)|x(-;77,0,/1,g) - x(-;9,ip, f2,q)\m,ß-
\\s-T,0]    J

These inequalities together with (3.16) imply (b).

(c) Let Xi(t) = x(t;ri,4>,f,qi), i = 1,2, with <7¿ G S C Qm. Then the estimates

of Lemma 3.2 imply

\xi -x2|m,M < |f7(0,0,0,9i)(xi -X2)|m,^ + 1^(0,0,0,91 - q2)x2\m,il

<p(p)7|xi -x2|m,M-(-(c|0|//m + p(ß)\x2\m,ß)\qi -92|gm-

As above we choose p such that a = 7p(p) < 1. Then

\xi - X2\m,u < T—r(|0|//m + |x2U,m)|9i ~ 92lom-

Therefore, similar to (3.17) we have

sup |(xi)t - (x2)t\Hrn <c(|0|//m + |x2\m¡li) fa -q2\çm,        9i, 92 G 5.
[*,ri
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Since by Lemma 3.2

we obtain

|x2|m,M   <-r(|0|//m   + |/|//m),
i — a        "

SUP |(Xl)t -  (X2)t|//m   < c(\f\Hm  + |0|//m)|9l   - 92|q„

for all 9i,92 G S. This estimate together with (3.18)-(3.20) ends the proof.
3.3. PROOF OF THEOREM 2.5. In this case Y = Hm+a{s,T;Rn), a G

(0,1), a t¿ |. We first state an analogon to Lemma 3.1 and 3.2. From Proposition

2.3 we know that a solution x(t) = x(t; 77,0, /, q) exists.

LEMMA 3.3. Let (HI), (H2), and (H3m+Q) be satisfied and assume (77,d>) G

•Mm+Q, a G (0,1), a^|.  TTien the solution x = x(-;?7,0, /, q) satisfies

\x\m+a,ß = \U{r),<t>,f,q)x\m+a,ß

<c1(l + |p|e2W(r-s))1/2|9|Qm+J(A|Hr+a+C2|/|i/m+a

+ P(v)\q\Qm + a\x\m+a,ß-

The proof of this lemma will be given below.

PROOF OF Theorem 2.5. (a) Let g G Qm+a- Note that the set Mm+a x
Hm+a(Rn) is a closed affine subspace of Rn x H^+a{Rn) x Hm+a{Rn). We show

that

%(rl,<f>,f)eC(s,T;RnxHgn+a)

for

(7?,0,/)G.Mm+axir"+a(R").

In case a € (0, |) we have

l*.|Hm + a   =  |*t|lfm  +   QT    T^2* \X\^ (.) _ »<»0 (. + t)^^.^ dT J

<\xt\Hgn + {[   T-l~2a  [      \^mHcr)-4>(m\<J + T)\2g{c-T + S)du

\Jo J-00

1/2

+ 2

/*1 /*min(0,i — s — r)

/    t-'-2q  / I0Í"1'(o-)|2ff(o" + s - *) do-dx

2   /   r-l-2a   /

/o Jo

Jo Jo

min(r,i —s)

|x(m)(«r + a)|29(<r + s - t - t) dadr

max(i- s — r,0)

|i(m)(s + CT)-x(m)(a + <T + /i)|2

\

g(ir -t- s — í) da dr

1/2

Let

7 = e-/*
-11/2

max I sup ess G,  sup ess  g
\>-r,o]        [S-T-1,0]     ;
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Then Lemma 1.12(a) implies

(3.35)

\*t\Hr*<\xt\Hr+-,{Jo   --1-2Q|*(m)(-)-^m)(- + r)|2L2(_0Oi_T;Rn)dr

+ 2 /    t"1"2"   /     |^m)(a)|2dCTdr

+ 2/    T~l-2a \x^m'>(a + s)\2e2'1'7dadT

Jo Jo
pi pT-a-T \  1/2

+   /    t-1-2" \x^rn\s + a)-x^m\s + a + T)\2e2'l'7dadT\

< c(|0|„m + Q + |l|m+Q,íí)-

Similarly, for a G (^, 1) we get by Lemma 1.12(b)

(3.36)

\xt\H^a<\xt\H^+lí   T'1'20   i      \^mHa)-^m1(a + T)\2g(a-s + t)dadT

ri /»rnin(a — t,— t)

+ 2       T~l-2a \4>(m)(t + a-s)-4>(m)(Q)\2g{o)dadT

Jo J3-t-T
pi pmin(a — t, — h)

+ 2        t'1-2" \xl-rn){s)-x(-m)(t + a + T)\2 -g{o)dadT

Jo Ja-t-T

f max(i —73 —t,0)

|i'm'(a + a) - x(m>(s + a + t)|2f'-'-fJo Jo

Í/2

g(a + s — i) da dr

t\H?+l(\4>\2H:r+a+2 Í   T'1-2"  Í    \^mHa)-4>{m)(0)\2dadr
'9

! f   r-l~2a [
Jo Ja

+ 2        t'1'20 \x^m\s)-xi~'n\a)\2e2l'{a-s)dadT

+  [   T-l-2a   [        \x^m\a)-x^mHa + T)\2e2ti<~a-s)dcrdT\

< c(\(j>\„m + a  + |l|m + o,/i).
"t

Since Lemma 3.3 implies that p can be chosen such that

|x|m+a,M < c ((1+ |p|e2|^l(T-s))1/2|0|//r+Q|g|Qm+a + |/|//~+«) ,

we obtain {y{t),xt) G Rn x #™+Q(R") for all t G [s,T).

In order to finish the proof of part (a) of Theorem 2.5 we have to prove continuity

of t -» xt. Yet s<tx<t2<T. Then

\XU   -  Xt2|2   m + a   =   |X(1   -  Xt2\2Hm   + J(h,t2),
ng g

where

J(tX,t2)=   /'f1-2»   r\x(™\T)-X%\T)-X^\t + T)+X%\t+T)\2g(T)dTdt.
Jo J -oo
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It is clear that \xtl - xt2\Hm —> 0 as t2 - t\ —> 0. Let £ G [s,T] and M > T - s.

Recall that M > 1, since T > s + r + 1. Then

pi p—M
/     r1-** \x{m)(T)-x[m)(t + T)\2g(T)dTdt

Jo J -oo
pi p-M+É-s

=       r1"20 / \^m\a)-^m\a + t)\2g(a + s-tl)dadt
Jo J -oo

pi p-M + T-s

<supessG/   t-l~2a \ \4>{m)(a)-4>{m){(r + t)\2g(a)dadt
[s-T,0\      Jo J-oo

<e/A     for all f G [s,T]

provided we choose M sufficiently large. Using this we get

/• 1 p — M

/   r1-2« /       \x^(r)-xT2(T)-x^(t + r) + x[f(t + r)\2g(r)dTdt
JO J-oo

<2       i-1-2«/        |x^(r)-x^(í + r)|2g(r)drdí
Jo J-oo

r\ p — M

+ 2       t-i-2« \x^\r)-x^Ht + T)\'g(T)dTdt
Jo J-t

t2   \-/     ~l2

-oo

< S

for all tX:t2 G [s,T]. Since we have

í\-1-2- r\x^\r)-x^(r)-xif(t + T) + xif(t + r)\2g(r)drdt
JO J -M

< sup ess g f r1"2« [~* |x^J(r) - x^(r)
[-AÍ.0]      JO J-M

-x\™\t-rT)-rX{tf(t + T)\2dTdt,

it remains to prove that

K(h,t2):= ft''-2« r\x^\r)-x^\r)-x^\t+r)+x^\t+r)\2dTdt^0
Jo J-M

as t2—ti —* 0. In the last integral only values of x(t) for t G [s — M,T] =: 7o appear.

Since xT G 7/™+Q, it is clear that x|/0 G Hm+a{I0;Rn) or x(m'|J0 G Ha{I0;Rn)

by the properties of g. Yet po be the extension operator corresponding to To (defined

with m = 1). Then

u = Po(x^\I0)eHa(R;Rn).

Since the shift is strongly continuous (see Proposition 1.1) on Ha(R;Rn) we see

that for any e > 0 there exists a S > 0 such that

\u(h + ■)- U{t2 + -)\h"(R;R")  < S

provided t2 — t\ < 6. Let r¡ be the restriction operator corresponding to I —

\-M,0}. Then

|r/7í(í + •) - r¿u(í2 + OIh-í/íR«) < c£
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for t2 — ti < 6. The integral in the above norm is just

/   i-1-20 /      \u(h + t) - u(t2 + t) - u(U + t + t) + u(t2+■ t + t)\2 dr dt
Jo J-M

=  f   rl-2a [      |x(m)(«l + T) - X(m)(Í2 + T)
Jo J-M

- x(m)(«i + t + t) + x(m)(í2 + í + r)|2 drdt

= K(ti,t2).

With the estimates (3.35), (3.36) and Lemma 3.3 the proofs of (b) and (c) are

analogous to those of Theorem 2.2, (b) and (c).

PROOF OF LEMMA 3.3. We first consider the case m = 1. Since the estimates

for the H1+a-norm of the terms on the right side of (3.6) are rather tedious, we

only give the details for three terms which are representative for the rest.

(i) Estimation of Bi(t)x(t — r,-), i = 1,..., k. We have

Jo
ß(t)dt,

Jo

where
pT-t

ß(t)= /        \e^T-^Bt(T)x{T-ri)-e^T-s+t)Bi(T + t)x(T-rl+-t)\2dT
Ja

pT-t

< 2 /        |5t(r)| V(r"s>x(T - n) - e"(r-s+/)x(r - r, + t)\2 dr

Ja

+ 2 [       |ßi(r)-ßt(r + /i)|2|e^^s+t)x(r-ri+i)|2dr
J s

=:I + II.

We first consider I and get using the continuous embedding H1+a(Rnxn)   C

C(R"X")

l<2\Bt\2H1+a{J1 + J2 + Jz),

where

Jx =   f      e2M(r,+r-S) \fa _ ^ _ gM* fa _ S + £)|2 dt,
J a—Ti

J2=  f    e2^r'+T-^\4>(T - s) - e"'¿(r + í)|2 dr
Js-t

and

J3= f        T' e2^'\e^T-^z(T)-e^T-s+^z(T + t)\2dr.
Ja

Using r, + t — s > 0 we get

pa—t pa—t

Ji<2 |0(r-5)-0(r-s-r-i)|2dr + 2(l-e'it)2 /       |0(r + t - s)\2 dr
J a-ri Ja-ri

< 2|0(.) - 0(- + í)IÍ»(_ri_«¡R-) + 2|p|2i2|0ll2(_riO;R,

< 2 [supess - ] {|0(-) - 0(-+ Í)IÍ2 + |p|2i2|0|2v. }•
V   l-r,0]    9 1
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We next consider J2 for a G (0, |). Recall that we assume r\ > 1.

J2<2¡    e2^r'+T-s)|0(r-s)|2dr-r-2 f    e2ß{r'+T-s+t^\z(T+-1)\2 dr
J s-t Ja-t

/0 ps+t
|0(r)|2dr-r-2e2firi  /       e2^T-s)|¿(r)|2 dr.

For a G (¿, 1) we obtain, using the estimates eMr — 1 < (1 — e_M)r for —1 < r < 0

and

r+í(e^-s-t)-l)2dr<ÍíV2^,
Ja 3

J2<2 T  e2"<ri+T+s>|0(r - s) - 0(O)|2dr

+ 2 /"    e2^r<+T_s)|¿(s)-e''í¿(T-M)|2dT
■/s-t

<2/   |0(r)-0(O)|2dr + 4e2'"-1  T    (e^"3"') - l)2 dr|i(s)|2

/•a+t

+ 4c2"ri /       \z(s) - e^T~s)z(t)\2 dr
Ja

< 2 J   |0(r) - 0(O)|2dr + ±t3e2»^-V\zis)\2

ps+t

+ 4e2^  /       \z(s)-e^T-s)z{r)\2dT.
Ja

For J3 we have the obvious estimate

J3 < e2^ \z(-)e^-°) - z(- + í)eM(-s+í)IÍ2(s,r-t;R")-

Summarizing these estimates and using Lemma 1.12 we obtain for a G (0,1), ají|,

(3.37) /  í-1-2aIdí<c|oí|2íl+<,((l + |p|)|0|21+a+e2'i(,-'-1)|^|1+Q,M).
Jo g

We still have to consider II:

rT-t / rT+t

H<2 í       (Í      \èt(o)\da\   \e^T-s+t)x{T-ri-r-t)\2dT

pT-t    pr+t

<2t /       \Bi(a)\2 da\e^T-s+t^x{T - rt + t)\2 dr.

In case a G (0, ¿) we use

J       \Èi(a)\2da < \Bt\2H, <\Bi\%1+a
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and get

II < 2t\Bi\2H1+a ( T       e2^r'+T-s)|0(r-S)|2dr
\Ja-ri+t

+ Í     '' e2^r'+T-s)\z(T)\2dr)

< 2t\Bi\2Hi+a(\<t>\w(-r,0;R») + ^Ml,»)

<2t\Bl\2HX+a Í isupess-J |0|2Ï,+Q +e2^\z\2x+aA .

In case a G (^, 1) we use the continuous embedding Ha(Rnxn) C C(RnXn) and

get with fT     |B¿(cr)|2do- < ct\Bi\2H1+a the estimate

pT-r,

II < cí2|B¿|^1+Q / e2"(r'+T-s)|x(r)|2dr

J a-ri + t

< ct2\Bt\2H1+a I lsupess-1 \4>\2Hi+a+e2,iri\z\2x+aA .

Thus for a G (0,1), a/|,

(3.38) /  i-1-2QIIdi<C|ßt|2ii+4|0|2¥i+Q+e2'i'-M^li+a,J-
Jo g

Inequalities (3.37) and (3.38) together imply

'  k "I k

¿ß,(-)x(- - n)        < c¿ |S^1+Q((l + M)l<;+. + e^-'Ml+a,»)-

.¿=1 J a,n i=1

(ii) Estimation of f_    B(t,a)x(t + a) da. We have

/     B(t,a)x(t + a)da\
U-oo J a:ß

pi pT-t i pO

= /   r1'2« le^-^ B(r,a)x(T + a)da
Jo Ja J-oo

r°
_eß(T-a+t)  /      B{T + t,a)x{T + a + t)c

J —oo

=:  /   r'-^ß^dt.
Jo

dr dt

We split ß(t) as follows:

rT-t I    rO

ß(t)<2J       \f     B(T + t,a)[x(T + a)e^T-^-x(T + a + t)e^T-s+t)}
Ja \J — oo

do dr

pT-t pO

+ 2 e^T~s) lB(T,o)-B(T+-t,o)]x{T + o)do
J s J — oo

dr

=: I + II.
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For I we get

r-T-t   /    rO

I

• ( Í     |e"(T-s)x(r + a)- e"(r-s+i)x(r + a + t)\2\g(a) do) dr

<2 [       |ß(r + i,-)|22    f   \e"(-T-s)x(a)-e^T-s+t^x(a + t)\2g{a-T)dadT
Ja Ug J-oo

< 2\B\LOO, T jji  AJX + J2 + Jz}
v i/V

< 2c|B|2      T.L2  ){Ji + J2 + J3}
v 1/9'

where

r-T-s    ra-t

Jx=  f Í      \e^T-s^{a-s)-etl{T-s+t)4>{a-s + t)\2g{a-T)dadT,
Ja J — oo

J2=  í S T   \e^T-^4>(a-s)-e^T-s+tH{a + t)\2g(a-T)dadT,
Ja Ja—t

pT-t    pr

J3= /   \e^T-s)z{a)-etl{T-3+t)z(a + t)\2g{a-T)dadT.

Ja Ja'a Ja

For J\ we have

r-T-t    ra-t

Ji<2Í        [      e2ti{T-s]\j>(a-s)-4>(o-s + t)\2g(a-T)dodT
Ja J — oo

pT-t   pa-t

+ 2 /       e^(T-s)(l-eMt)2|0(íT + í-s)|2g(o--r)díjdr
Ja J — oo

<2 í       Í     \<p{o)-<j>{o + t)\2g(o)G{s-T)dodT
Ja J —oo

pT-t pO

+ 2 |p|2i2 /      |0(o-)|2g(o-)G(s-i-r)do-dr
J 3 J —OO

< 2(T - s) ( supessG ) |0(-) - 0(- + h)\2L2
\{s-T,0]     J

+ (T-s) ( sup ess G ) |p|í2101^,.
\{a-T,0]      J

For J3 we get

J3< (supessg)  í        Í  e^^V^8^) - e^~s+t) z{a + t)\2 dadr
[s-T,0]

sup ess g
i[a-T,0]

UT-t pT-t
\e^-s)¿(a) - e"i<T-s+th{a + t)\2 /        e2fi{T-aUr do.



46 F. RAPPEL AND R. RUNISCH

Observing that /J_t e2^T~^ dr < l/(2|p|) we have

J3<^-1lsupessg)e'i{-3)z(-)-e^-s+^z(- + h)\
2|Pl   \>-T,0]    J

2
L2(s,T-t;R")-

For J2 we get in case a € (0, |)

pT-t    pa

J2<  I I     \e^T-a)^(a-s)-e^T-s+t)z(a + t)\2g(a-T)dadT
Js Ja-t

<c\(        Í   e2^(T-s)|0>)|2dadr

+ fT  ' r+te2^r-+t)e2^ff-s)|¿(a)|2do-drl

<c{(r-S)|j0(a)|2df7+-^£He2^-^|¿(cr)|2daJ,

where c = 2supessts_T0] g. In case a G (^, 1) we obtain

pT-t   pa

J2<  I j      \e^(T-s)4>{a-s)-e^T-3+t)z(a + t)\2g(a-T)dadT
Js Js—t

<c\í        í"   |e'í(r-s)(0(fJ-s)-0(O))|2do-dr

+ [       f   |eíi(T_s)0(O)-eíi(T-CT)e'í(tr-s+t)¿(o--r-í)|2dCTd7-|

<c|(T-S)|j0(o-)-0(O)|2da + 2|0(O)|2

í        /S   e2"(r-'7)(eM(<T~s)-l)2do-dr

+2 /"   |¿(s) - e^^-a+*)i(íy + í)|2 í       e2^T~^ dr do 1

((T-8)j   |0(a) - 0(O)|2 da + |0(O)|2|p|e2^T-s¥

-^£hí|¿(s)-^CT-s)i(a-)|2daJ+ i

Summarizing these estimates we obtain with Lemma 1.12

(3.39)

£ t-l-2°Idt < c\B\HH.tTiLÎ/t) ((1 + \n\e2\^T-°ï)\<j>\2Hl+a + ¿1*1?+«,,,)



INVARIANCE RESULTS FOR DELAY AND VOLTERRA EQUATIONS 47

For II we have

■ (Í    e2"(T-8)|±(T + ff)|30(<x)dff) dr.

In case a G (0, h) we get

12r    \B(r,a)-B(T + t,an

J-oo 9{o)

/O -, pr+t

-ni-oo 9(a) Jt
Bt(p,a)\¿ dp da

J T

lBt(p,a)\2
pr-yi   pu

= t /       ~^'"y'   dadp
Jt J-oo 9W

rr+t

= t \Bt(p,-)\h   dp<t\B\2m{sT.L2

and therefore

rT-t    rO

n < 2i|B|2ri(sr.L2  , /        /     e2^-^|x(r + a)|2g(o-)dadr.

The integral can be estimated as follows:

pT-t    p0

/ /      e2^-s)|x(r + o-)|2g(o-)do-dr
J s J — OO

<(T-s)    sup ess G    \<p\2HÍ +    sup ess g J ——\x\l
\[s-r,o]    /        g      \[S-T'°1   /    '^

Thus we obtain for a 6 (0, j)

(3.40) II < ct\B\HHStT,L2/g) (101^ + ¿U~IL) •

Next we give a bound for II in case a G (5, 1). We use the continuous embedding

î/ç) C C^LWH«(L2x/g)cC(L2).
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pT-t I pO

11 = 2/ e"<T-sM     [B{T,a)-B{T-t,a)}x(T + a)
Ja J — oo

do dr

rT-t

^r'^'-'U'   /_„^rW+*M''^*
< 2

1/2

|x(r + a)\ g{a) da )       dp >   dr

1/2

<2i/       e2^-s) r  'ißt^.Oll»    /     |i(r + a)|2g(a)dadpdr
Ja Jt x'o J-oo

< 2t2\B\2H1+a(L2   ) f     % e2^-3) { f  T \x(r + o)\2g(o) da
1/9   Ja w—oo

+  /      |¿(r + o-)|2g(o-)do-l dr

<2t2\B\2Hi+a(L2/g) j*  \2^-°) y°jfa)\2g(o

+ [T\x(a)\2g(o
Ja

+ s — r) da

t) da r dr

-T-t

< 2t2\B\2H1+a{L2   , [       e2^"*) \ l supessG ) \<f>\2H.
Ug   Ja I   \>-T.°]      j '

( sup ess i
[a-T,i

:ssg     /    |x(cr)|
,0]     / Ja

2do\ dr

<ct2\B\2H1+a{L2/s){\cf>\2H¿ + ±\z\2^.

Thus, for a G (|, 1) we have

(3.41) II<cí2|fl|2fl+a(La
V     1/9

Wh ImI1
ii, ß

Summarizing (3.39)-(3.41) we obtain

/:
B{t,(7)x(t + a)da

a,ß

< c\B\2H>+a{L2/g) [(1 + |p|e2"í|,r-sOl0l^+» + pi* í+a,M

(iii) Estimation of Ao{t)x(t). We have

[Aoa:]2,M= frl~2aß(t)dt
Jo
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where

-T-t

ß(t) := f      |e^T-s>A0(r)x(r) - e^T-s+t^A0(T + t)x(r + i)|2 dr
Ja

< 2 f       \e^T~s)Ao(r)0(O) - e"(T-*+t)A0(t + i)0(O)|2 dr
Ja

+ 2 f       \e^T-s)Ao{r) í  z(a)da-e^T-s+t^Ao{T + t) Í      z(a)
Js Js Js

=:R + S.

We estimate R first using 1 — eMt < |p|£ for t < 0,

R < 4 Í       K(T"S) Ao(r)0(O) - e^T-^Ao{r + i)0(O)|2 dr

(3.42) +4/       |e^r-s)(l-e'it)Ao(r + i)0(O)|2dr

< 4|A0(-) - A0(- + í)IÍ2(s,T_t;R„xn)|0(O)|2

+ 4|p|í2|0(O)|2Ao|Í2.

For S we have the estimate

da\ dr

(3.43)

pT-t I pr pr+t

S<4 e"(T-s)A0(r) /   ¿(a) da - e^T~s+t) A0(t) /       ¿(a
./s Js Ja

+ a(       |(A0(r)-Ao(r + í))eM(r_s+í) r     ¿(a) dal   dr
Ja Ja

dal dr

=: I + II.

We first give a bound for II:

rT-t
/T-t r pr+t

\A0(t) - A0(t + i)| /        ¡¿{oïle^-^e^-"^ da dr

(3.44)

< -^ f   \A0{t) - A0{t + t)\2 Í     \z(a)\2e2^-^ dadr
\P\ Ja Ja

vT      rT-t

v\
f    í |Ao(r)-A0(r + í)|2|¿WI2e2íi(CT"s)drda

Js     JiricLx(a,<7 — t)

^   T~tIZIi,ííI^o(0   _ A0(-  + í)l/,2(SiT_í;Rnxn).

Next we estimate I:

rT-tpi-t \ \ rT fT
I<8/        U0(r)   e^T~sU   z{a)da-e^T-s+tU   z(a + t)da

Ja L Ja J a

pT-t I ps+t

+ 8 A0(r)e^T-s+t» /       z{o)do
Ja Ja

dr
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In case a £ (0, |) we have

J s

Mr)

dr

(3.45)

f  e^"-s)e^T-a)z(a)da
Ja

- [  e^a-s+t)e^T-^z(a + t)da

Ja

pT-t   / pa+t

+ 8/        i|A0(r)|/       e^-^\z(a)\e^T-a+tUa)   dr

<Al^olÍ2K(-s)i(-)-e^-s+t'i(- + í)IÍ2(a,T_t;R„)
IPI

ra+t

+ t\\M12ÍS    e2^-^\z(o)\2 do.
m Ja

Now we take a G (h, 1):

I< r^|A0|Í2|e'í(-s)¿(-)-e^-s+í)i(. + í)|
IM

L2(a,T-t;R"

(3.46)

+ 8L4o|£oo|e p(-~s)-\2
lL°°

pT-t   /   pa+t \2

/        ( le^-^da)

< -|A0|2L2|e^-s)¿(-) - e^-^z(- + Í)IÍ2(S, T-t;Rn)

+
4c

^ol//°l¿l//o.¿2-

Here we have used the continuous embeddings Ha C C,  a > |.   Summarizing

(3.42)-(3.46) and using Lemma 1.12(a) (in case a G (|,1)) we obtain

[A0x]a,ß < c\Ao\h°  ((1 + |p|)1/2|0|//9. + 7^ -/¿\z\l+a,n

As mentioned earlier, the estimates for the remaining terms are —although some-

what tedious—essentially analogous to those we discussed here.

For m > 2 we use (3.34) and inequalities of the same type as in case m = 1.
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