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~ INVARIANCE RESULTS FOR DELAY AND VOLTERRA
EQUATIONS IN FRACTIONAL ORDER SOBOLEV SPACES

F. KAPPEL AND K. KUNISCH

ABSTRACT. Invariance of the trajectories of infinite delay- and Volterra-type
equations in fractional order Sobolev spaces are derived under minimal as-
sumptions on the problem data. Properties of fractional order Sobolev spaces
defined over intervals are summarized.

1. Introduction.
1.1. Problem statement and motivation. The problem under investigation is

ZB z(t — ;) /Bta)(t+o)d

t 0
(11) + Ai(r)z(r — ) dr + A(1,0)z(r + 0)do d
gl T)T\T T /9/;00 T,0 T 0)ao ar

+ f(t)+n fortels,T)ae,
z(t)=¢(t —s) fort<sae.,

where 0 =rg <7y < - <rp=r<oo0, n € R" ¢ and z are R™-valued functions
on (—o00,0] and [s,T), s < T, respectively, and B;(t), A;(t) and B(t,0), A(t,0) are
n X n-matrix valued functions defined on [s,T] and [s,T] x (—o0, 0], respectively.

We observe that (1.1) includes as special cases Volterra integro-differential and
integral equations of the type

(1.2) i(t) = /0 At - 0)a(o)do,  te[0,T], z(0) =,
(1.3) /Bt— (0)do,  te[0,T).

In recent years several detailed investigations of infinite delay equations have
been carried out. We cite [6, 10, 14, 15, 16] as representative publications.

It is well known that with B; =0, B = A =0, and A; constant the regularity of
solutions increases with ¢. If the infinite delay terms (governed by A and B) or the
neutral terms (governed by B; and B) are nontrivial, then this smoothing effect is
in general not preserved. But invariance of simple function spaces like C or L? can
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be shown under appropriate assumptions on the problem data. Here, by invariance
we mean that if ¢ is in some function space Fy(—o0,0;R™) and if some matching
conditions are met at t = s, then the solution is in F(s,T;R™) for arbitrary T > s.
The subscript g denotes a weighting factor related to the decay properties of A and
B as 0 — —oo. This will be made more precise further below.

The purpose of this paper is to study invariance results in Sobolev spaces, to
show continuous dependence of the solutions on the problem data, as well as to
develop the necessary results for fractional order Sobolev spaces on bounded in-
tervals. Invariance results in these spaces are important, for instance, for approx-
imation methods for (1.1), since convergence and especially rate of convergence
depend on the smoothness of the function to be approximated [12]. The smoother
the function is, the better is the rate of convergence in general. Smoothness of
solutions, however, necessitates strong requirements on the regularity of the prob-
lem data. This can be seen below when we derive invariance results in H™-spaces,
m = 1,2,.... Recently, numerical schemes have also been used successfully in pa-
rameter estimation problems (cf. {2, 3, 9]). In this case one might be interested in
the other extreme: least possible smoothness such that at least convergence of an
approximation scheme is guaranteed and such that only weak assumptions on the
problem data are required.

As a specific example we have in mind approximation of (1.1) by first order
spline functions with a convergence proof in a semigroup-theoretical setting similar
to that in [3]. This requires convergence of first order spline interpolates ¢" to ¢
in the H!-norm, which can be obtained for ¢ € H*** a > 0 (the definition of the
spaces H!** o € (0,1), is given below). This motivates the study of invariance of
(1.1) in H'** especially for a € (0, 3), because invariance can be obtained under
the assumption A; € H®, which does not require A; to be continuous.

In the semigroup approach to (1.1) it is necessary to choose a state space corre-
sponding to the fact that the initial function ¢ evolves in time according to (1.1).
A possible choice is R™ x LZ(—00,0;R"). Then the associated state is given by
(y(t),z¢), t > s, where

k 0
(1.4) ) =Y Bi(t)z(t — ) / B(t,0)z(t + o) do,
i=1 —o°
(1.5) (1) = z(t +7), —00 < 7<0.

By the results of [4] this state (or the state where y(t) is replaced by y(t) — f(t) if
f # 0) is a natural choice. It will turn out that ¢t — (y(t) — f(t),z¢) is continuous
whereas t — (z(t),z:) in general is not. The pair (y(t),z(t)) is governed by the
following system equivalent to (1.1):

k t
Z/(t):77+f(t)+Z/ Aq(m)z( T_Tz)d7+// z(7 + o)do dr,

(1.6)
+ZB z(t—r;) / B(t,0)z(t + o) do

a.e. fort € [s, T,
z(t) = ot —s) ae.  fort<s.
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When approximating the state (y(¢), z:) the problem arises to obtain a supremum
norm approximation of z(t) itself. Under additional smoothness assumptions this
has been done for finite delay equations in [8]. These assumptions can be relaxed
by using invariance of H*** for a € (1, 1).

In deriving our results it will be necessary to make frequent use of the properties
of fractional order Sobolev spaces. In spite of a wide literature on this subject
we could not find many results in a form which was adequate for our purposes.
Furthermore, several authors use different but equivalent definitions for fractional
order Sobolev spaces. The equivalence of these various approaches is not always
obvious for the nonspecialist. We therefore summarize and prove several of the
properties of fractional order Sobolev spaces making use of the fact that in our case
the domain of the functions has dimension one.

1.2. Sobolev spaces on bounded intervals. As already indicated in §1.1 we shall
also use fractional order Sobolev spaces which sometimes are called Slobodeckij
spaces. In the literature one can find a number of different characterizations for
these spaces and usually functions defined on n-dimensional domains are considered.
Here we are interested in the considerably simpler case of functions defined on an
interval. On the other hand we need some basic facts concerning spaces with
weighted norms and spaces of functions with values in a Hilbert space which are
not directly available in the literature. For the convenience of the reader we shall
give proofs or indications thereof when for the nonspecialist it is difficult to extract
the proof from the literature.

1.2.1. Integer order Sobolev spaces. For a Hilbert space X with norm |-| and a
closed bounded interval I let LP(I; X) as usual be the equivalence class of functions
f: I — X such that

1/p
|f|Lp(I;X)=(/I If(r)l”dr) <o, 1<p<oo,

and
|flLe(I; X) = SupIesslf(T)l < 0.

Form=1,2,... let H™(I; X) = {f € L*(I; X) | fU~1) is absolutely continuous on
I and fU) € L*(I; X), j =1,...,m} and endow H™(I; X) with the usual Hilbert
space topology.

1.2.2. The spaces H°(R;X), s > 0. First let m € N. We define [11, p. 30
H™(R;X) = {u € L) (R;X) | uU~Y locally absolutely continuous and u() €
L?(R;X), 7 =1,...,m}. H™(R; X) is a Hilbert space with the usual norm

(1.7) |ulFm (R x) = Z |“(j)|iz(R;X)'
J=0

Since the domain of definition for the functions considered here is R, there is no
need for introducing distributional derivatives (see for instance [1, p. 70 ff]). Let
i = Fu denote the Fourier-transform of w,

1 *® .
ﬁ(y) = \/T_ﬂ—/ C—zytu(t)dt, Y € R.
—00o
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Then H™(R; X) can also be characterized as

(1.8) H™(R; X) = {u € L*(R; X) | (1+[y|*)™/?0 € L*(R; X)},
see [12, p. 5|. The norm

(1.9) lelllzm (mix) = 11+ [91*)™ 24| L2 (s x)

is equivalent to the norm defined in (1.7). The proof of this fact uses Plancherel’s
theorem which is also true for Hilbert space valued functions.

The characterization (1.8) of H™(R; X) suggests the definition of H*(R; X) for
real numbers s > 0 (and even all s € R):

(1.10) H*R; X) = {ue L*(R; X)|(1 + |y|>)*%a € L*(R; X)}.
The norm
(1.11) Wl s rixy = (1 + [yl?)*/ %l L2 i x)

introduces a Hilbert space structure on H*(R; X).
An important result is that the spaces H*(R; X) can be characterized as inter-
polation spaces in the sense of [11, p. 31] between H™(R; X) and L%(R; X):

(1.12) H*R;X) = [H™(R; X), L} (R; X))y, s=(1-80)m.

The interpolation norm of H*(R; X) is equivalent to the norm in (1.11).

We shall also use a characterization of the spaces H*(R;X) as intermediate
spaces defined by semigroups (see [11, p. 48; 5]). Let T'(t),t > 0, be a uniformly
bounded Cp-semigroup on L%(R;X) with infinitesimal generator A and assume
that D(A™) = H™(R; X) for some m € N. Then (see [5, Theorem 3.4.2; 11, p.
98])

(1.13) H*R;X) = {u € L*(R; X)|/O t172(T(8) — D™ ulle(rox)dt < oo}
for every s € (0, m). Moreover

(1.14) lellFre rix) = lulZe(rix) +/0 tI2(T () — D™ ulfe (r. x4t
defines an equivalent norm on H*(R; X).

Let s=k+ 8, k€ N and 8 € (0,1). Then by the Theorem of Reduction [5,
Theorem 3.4.6] we have

(1.15) H*(R; X) = {u € D(A¥)|A*u € H*(R; X)}
with the equivalent norm
(e o]
(1.16) el s (rix) = lulbiar) +/0 t1728)(T(t) — 1) A*ul} . xdt.

Here | - |p(4+) denotes the graph norm of Ak Note that only the behavior of T'(¢)u
for small ¢ is important in (1.16). In fact, if 6 > 0 then

oo I
/ t=1=2|(T(t) — ) A*ul} 2 (r.x) dt =/ t=1 2B\ (T(t) — I A*ul} 2 (r.x) dt
0 0

oo
+/6 t=1-28\(T(t) — I)AkUﬁﬂ(R;X)dt‘
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Using |T'(t)] € M for some M > 0 and all ¢t > 0, the second integral can be
estimated as

[e ] e}
/ 7172 (T(t) — DA u|3 2 (g.x) dt < (M +1)*|AFul}2 g . x) / t~1"28 gt
é é
-2
<
<35

This implies the equivalence for any 6 > 0 of the norm given in (1.16) and the
following norm denoted by the same symbol:

>

(M + 1)%[ulB ax)-

r)
(1.17) nm&q&m=4maﬂ)+ﬁt-“”wno—nA%ﬁqmmw.

As a concrete semigroup we can take the shift semigroup on L?(R; X) defined by
(T(t)u)(r) =u(t+7) fort>0, 7 €R, ue L*R;X).

Obviously this defines a uniformly bounded Cy-semigroup. The infinitesimal gen-
erator of T'(t) is characterized by

(1.18) D(A)= H'(R;X), Au=4 foru€ D(A).

In order to prove this let T(t) = FT(¢t)7~!, t > 0. Then T(t), t > 0, is the
Co-semigroup on L?(R; X) given by

(T(t)a)(y) = e¥a(y), yeR, t20.

Direct computation shows that the infinitesimal generator A of ’.f‘(t), t >0, is given
by
D(A) = {a € L*(R; X) | yi € L*(R; X)},
Ad=1yi(y), @€ D(A).

The characterization given above for H!(R; X) shows that @ € D(A) is equivalent
tou = F~'a € H'(R; X). Moreover, 1yi = Fu. This proves (1.18) if we observe
D(A)=7"1D(A) and A = F'A7.

Using the shift semigroup, the characterization (1.15) and the norm (1.16) are
equivalent to

(1.15)* H*(R; X) = {ue H*(R; X)[u®) € HA(R; X)}
and

llullFre (rix)
(1.16)*

(e o] oo
= |u|%,k(R;x) +/0 t_l_w/ |u(k)(7) — (k) (t+ T)l2 drdt.
— 00

Of course, the integral f0°° can be replaced by foé for any 6 > 0.

The characterization (1.15)* together with the norm (1.16)* immediately imply
the following result: Let |u|gs(r;x) be any norm for the spaces H*(R; X), s > 0.
Then for s=k+ 3, ke N, g€ (0,1),

(1.19) lull e (rix) = Jul e (rix) + 14 s r.x)

defines an equivalent norm.
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As a final remark in this introductory subsection on fractional order Sobolev
spaces we note that C§°(R; R"™) is dense in H*(R;R") for any s > 0 [11, p. 31].

1.2.3. Continuity of the shift in H*(R; X). Analogous to integer order Sobolev
spaces we have the following result.

PROPOSITION 1.1. For every s >0 and u € H*(R; X) we have
lin})u(r +)=u(-) m HR;X).

PROOF. Using the norm (1.11) we obtain

(oo

el + ) = wO B ey = / (1+ [P a(y) e - 1% dy

- 00
o0
=2 / (1 = cosyr)(1 + [yf2)°la(y)|? dy — 0
—00

as 7 — 0 by Lebesgue’s dominated convergence theorem.
1.2.4. Continuous embeddings. The following embedding results will be used
frequently.

PROPOSITION 1.2. Let s> . Then
H°(R;X) C {u € C(R; X)| lim wu(t) = 0},
t—too
the embedding being continuous with respect to the H°(R; X) and the supremum

norm.

PROOF. Let u € H*(R; X) and let & = Fu. Then

[ ratuiay < ( / 2(1 + y?)*%ty) v ( [ ax lat) Py ) v

< cfllulllae-

By the Riemann Lebesgue lemma (see for instance [7, p. 401]), which is also true
for X-valued functions, u is uniformly continuous and lim;_, 4+ o, u(t) = 0. Moreover

1 Ral 1
u(t)] < — eVtu(y)|dy = —|a ) < e|l|ull| &,
) < 7= [l iy = Z=lilu ) < elliulls

which ends the proof.

PROPOSITION 1.3. Let 0 < s; < s3. Then H%2(R;X) C H**(R;X) is a
continuous embedding.

PROOF. Let u € H*2(R; X) and put & = Fu. Then

oo oo
el =/ (1+y2)3‘|ﬁ(y)|2dy=/ (1+9%)|a(y) P (1 +y*)* 72 dy

—o00 —o0
< MlulllFre: -

1.2.5. An extension operator. In order to prove properties for the spaces H*(I; X),
with I a bounded interval, we shall make use of an extension operator. Let m € N
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and I = (a,b), —00 < a < b < co. Furthermore let oy, a3 be C*®°-functions on R
such that

(1.20) a1(r) 20, az(r) 20, ai(r)+ax(r)=1 forteR

and
(1.21) ai(r)=1 forr<a, az(r)=1 for7>hb.

Furthermore define the numbers fi,..., Gy, by

m
(1.22) (-1)¥5¥Bj=1 forv=0,...,m—1
i=1

Note that the 3; are uniquely determined. For u € L?(I;X) and k=0,...,m —1
we define piu by

Y (=9)*Biar(a+ j(a—1))ula+j(a - 1)) for 7 < a,
(peu)(r) = { u(7) fora<rt<b,
;"f—.l(—j)kﬂjQZ(b —J(r=b))u(b—5(r — b)) for 7 < b,

compare (11, pp. 14, 38]. Using (1.20)-(1.22) an easy calculation shows

(peu)™ (a — 0) = u™ (a + 0), v=0,....m—k-—1,
(k) (b +0)=u™(b-0), v=0,....m-k—1,

provided u(*)(a+0), respectively u(*) (b—0), exist. Moreover we see that (pxu)®)(r)
= 0 for |7| sufficiently large. Therefore

peu€ H'(R; X) forue HY(I; X), v=0,...,m—k.

Let ue HY(I; X), v<m—k. Then for y =0,...,v

2
m

> Bi(=4)**#(eaw)® (a + j(a - 7))

=1

b co| m
+ / [u® (7)[? dr + /,, ;ﬂj(—j)“"(azu)(“)(b—J'(T—b))

a

dr

|(Pku)(")|%2(a;x) = /

—00

2
dr.
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Using Leibnitz’ rule we get for the first integral
2

/_a i i) (eaw) W (@ + jla = 7))| dr
i ]
:/ 2B "*"Z() =) (@ + j(a—1)u® (a+j(a—7))| dr
|

m 2
+1) ﬂ2» -2(k+u) (H) ( al#=r) )
m(p EZ: j :L:T) e) (maxle ™
a
' / 1 (a + j(a — 7)) %dr
(b—a)/j

CZZ/ u*) (r)2dr < élul}ur.x)-

j=1k=0
An analogous estimate is true for the third integral. Therefore
[Pkl v (rix) < clulmy(1;x), ve H'([;X), v=0,...,m—k,
where the constant ¢ does not depend on v and k. We have shown that
(1.23) pre L(HY(I;X),H*(R; X)), v=0,....m-kk=0,...,m—-1
(for the meaning of L see §1.3). By construction of px
(1.24) prull =u  for all u € L*(I; X).

We call px an extension operator corresponding to the interval I. The restriction
operator r is defined by

(ru)(r) = u(r), forrel, ue L*(R;X).

Obviously

(1.25) re L(HFR; X), H*(I; X)), k=0,1,....
Note, that

(1.26) (ru)® = pu ) u € H*(R; X).

1.2.6. The spaces H*(I; X), s > 0. Following [11, p. 40] we define
H(I; X) = [H™(I; X), L*(I; X))o

where s = (1 —0)m, m € N, 0 < 6 < 1; the norm in H*(I;X) is denoted by
| - |ms(1;x). Equivalently one could define H®(I; X) to be the restriction of the
elements of H*(R; X) to I.

PROPOSITION 1.4 (COMPARE [11, THEOREM 1.9.1]). For every s >0
H*(I;X)={ru|ue H*(R; X)}.

Moreover

1.27 a([.X) = inf (R

(1.27) lull zrs (1;x) verlth %) [v] frs (R; X)
rTv=u

defines an equivalent norm on H®(I; X).
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PROOF. Using (1.12), (1.23) and the definition of H*(I; X) given at the be-
ginning of this subsection the interpolation theorem [11, Theorem 5.1] implies
po € L(H*(I;X),H*(R; X)) and r € L(H*(R;X),H*°(I; X)) for s < m. For

every u € H®(I; X) we have u = rpou, so that u is the restriction to I of some
function (namely pou) in H*(R;X). On the other hand rv € H*(I; X) for every
v € H*(R; X). Equivalence of the norms follows from

lull s (1) < |p0u|'H~’(R;X) < clulms ;%)
and

ulgs(rix) = Irolae 1) < elvlmsrix)!
for any v € H°(R; X) with rv = u. Here |-|ps(1,x) denotes the interpolation norm

of H*(I; X). This ends the proof.

Similarly to (1.15) and (1.19) we have the following characterization of the spaces
H(I; X).

PROPOSITION 1.5. Lets=k+ 8, k€N, 0< < 1. Then

H(; X) = {ve HO)(I; X) | v® € HA(I; X)}
and
Wolllers r:x) = 1olme i + 0% gerx)
18 an equivalent norm.
PROOF. Let v € H°(I;R), i.e. v = ru with u € H*(R; X) by Proposition 1.4.
From (1.15)* we get u € H*(R; X) and u*) € HP(R;X). Therefore v = ru €
H*(I;X) and v(®) = ru(k) € HB(I; X) (see (1.19)) again by Proposition 1.4.

Suppose now that v € H*(I; X) and v(¥) € H(I; X) and let the operator po be
defined as in §1.2.5 with m > k + 1. Then pov € H*(R; X) and

(Pov)® = uy + prv®,

where
Y (=8 s (F)a ) (a+ j(a - ))u® @+ j(a - 1))
for 7 < a,
ui(r)=< 0 fora<t<b,
T (=0) B R (B)as T (b — ji(r — B))ut) (b — 5(r — b))
for 7 > b.
Obviously u; € H!(R; X). Since px € L(H"(I; X), H"(R; X)) v=0,...,m—k,

the interpolation theorem [11, Theorem 5.1] implies px € L(H?(I; X ) (R X)).
Therefore (pov)(*¥) € HP(R; X). This together with pov € H*¥(R; X) implies pv €
H*(R;X). Then v = rpgv € H°(I; X) by Proposition 1.4.

1Here and in the rest of §1 ¢, & ¢, denote constants which need not have the same values on
each occasion they occur.
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Let ||[v|| g+ (r;x) be the norm defined in (1.27) with |u|gs(r;x) = |u|g« (R; X) +
l’u(k)lyﬁ(R;x) and choose u € H°(R;X) such that ru = v. Then |v|gr,x) <
|u| gk (r;x) and because of (1.19) also

(k) — H (k)

v B([X) = inf w 3 < u XY -

” ”H (I;X) c B( ; )I lHﬁ(R’X) > I IHB(R,X)
rw:v(")

Therefore |||v|||gs(1;x) < |ulgs(r;x) for all u € H*(R; X) with ru = v. This proves
olllaer;x) < ollmerx)-
On the other hand we have
0]l s (1:3) < [Pov]Es (R %) = [PoV] k(R x) + |(P0V) | 18 (R x)
< c|vlprrix) + [uil e rix) + [P0 s (rox)
< elvlarrx) + erlutlm mixy + c2lv® |gor.x)

where we also have used Proposition 1.3. By computations similar to those leading
to (1.23) we see that

lurl g (rix) < €lvlmr(rx)-
Altogether we have
||”||H°(I;X) < C|||U|||Hs(1;X),
where ¢ > 0 is not dependent on v € H*(I; X).
1.2.7. Continuous embeddings for H*(I; X).
PROPOSITION 1.6. The following embeddings are continuous:
H°(I; X) c C(I; X), s> 3,
and
H®**(I;X) C H* (I; X), 0< 81 < s9.
PROOF. Let s > % and u € H*(I;X). Then pou € H*(R;X) and pou is

continuous. Using boundedness of py we further have

lulerx) < sup Ipou| < clpoulms(r;x) < Elulms(1;x),

where we used Proposition 1.2 and the fact that py € L(H*(I; X), H*(R; X)). The
proof of the second embedding is analogous.

1.2.8. Inner description of H*(I;X). We now derive a representation of the
spaces H®(I; X) for s > 0, which uses only values of u(r) for 7 € I. This is
called inner description of H®(I; X). Without loss of generality we assume that
I = (—1,0) for the rest of this section.

THEOREM 1.7. Let s = k+ 8 with k € N and 8 € (0,1). Then the set of
functions u for which

1 —t
(1.28) |ul3e rix) + / g~1-28 / [u® () — u® (t + 7)|2 dr dt
0 -1

is finite coincides with H*(I; X) and (1.28) defines an equivalent norm on H2(I; X).
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REMARK 1.8. In the general case I = (a,b) the integral in (1.28) has to be
replaced by

b—a b—t
/ t1-28 / [ul®) (r) — ul®) (¢ + 7)|? dr dt.
0 a

Moreover we can replace the upper bound b — a of the outer integration by any
6€(0,b—a).

PROOF OF THEOREM 1.7. By Proposition 1.5 it is sufficient to prove the
result for s € (0,1), i.e. k=0 and s = § € (0,1). Let ||u||gs(s.-x) be the norm
defined in (1.27) where

1 00
olhocry = oliaquo + [ €7 [ lote) =ole+ n)Paret

oo

(See (1.16)* and the remark following it.) Then obviously
[ulgs(r,x) < [v|H8(R;X)
for all v € HP(R; X) with 7v = u. Thus

(1.29) lulers (1:x) < llullares (1,x)-
On the other hand

(1.30) llull s (1;x) < |Pou|He(r;x)

where py is the extension operator defined in §1.2.5 with m = 1. Since pg €
L(L*(I; X),L%*(R; X)), it is clear that

(1.31) lPou|L2(r;x) < clulp2(r;x)-

Therefore it remains to estimate
1 oo
5= [ [ pou)(r) - (o) e + ) dr e
0 —o00

In our situation py has the simple form py = q; + g2, where for u € L%(I; X)

_ [ alu) for 7 2 -1,
(qu)(r) = { (-2 -1)u(-2—-71) forr < —1
and
_ [ ag(=T)u(-1) for >0,
(q2u)(1) = { g (r)u(r) for 7 <0.
Therefore

J< 2/0- t~1-28 /_00 [(qru)(r) = (quu)(t + 7)|* dr dt

1 3]
+2 /0 e [  1(amu)(r) = (g e+ 7)1 dr
=: 2(J1 + J2)
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In the following we only give the estimate for J,. Taking into account the definition
of g2 and the fact that as(r) = 0 for 7 < —1 we obtain

J2=/lt‘1‘2"/_1 [(qu)(t + 7)|* dr dt
1 t
/ PR / (cau)(r) — (aau)(t +7)|2 dr dt
0
1
+/ 1728 / |(agu)(1) — ag(~t — T)u(—=t — 7)|* dr dt
+/lt 1-25 / oo (—r)u(~r) P dr dt

2/0 g-1- '-’ﬁ/ |(argu)(r)[? dr dt

+ /Olt 1- / |(a2u)(7) — (agu)(t + 7)|? dr dt

o

> o

= 2ﬂ/ (o) (r) — (cvgu) (=t — )2 dr

o\

=21 + I, + I5.
Observing az(7) = o((1 + 7)) as 7 — —1 for any o > 0 we get for I, the estimate

1 t—1
I, S/ t7172% max |ay(o )|2/ |u(0)|? do dt
0

[—1,t-1] -1

1
2 1-2p8 2
<ol [ 77 max foao)

2
< clulpz(r,x)-
The estimate for I, is

1 -t
L<? / t=1-26 / o (7) 2 uu(r) — u(i +7)[? dr dt
0

-1

1 t
+2/ t"l_w/ loa () — o (t + 7)) |u(t + 7)|* dr dt
0 -1
1 —t
< 2/ t-l-”/ [u(r) — u(t +7)|2 dr dt
0 -1

1
2 2ul2, ;. / t1=28 4t
+ [mlaJO(] g (7)] [ulz21,x) .

< elulba(r,x)-
For I3 we have

1 0
L <2 / 71728 [ () — ag(—t — 1) Plu(r)? dr dt
(0] —t

1 0
+ 2/ t-l-”/ log (=t — 7)|?|u(r) — u(—t — 7)|? dr dt
0 —t
=: A+ B,
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where (observe |t + 27| <t and —1 < -t —7 < 0)

1 0
A< ma.x lag (T )|2/ tl_zﬂ/ |u(7)|? dr dt
0 —t

[-1,0
2 ' 28
< max . t- P dt
& l0]|0‘2( )1 |U|L2(1,x)/0

= C|U|L2(1;x)~
The estimate for B is

B<2/ t=1- 2"/ |u(r) — u(—t — 7)|*dr dt
_ Iu (1) —u(0)
= [,
IU(T —uo)f
2 [ [ i

O |u(r) — u(o)|?
/ / T — |1+2ﬁ T —giras 9T do;

where we have used —o — 7 = |r| + |o| > |7 — o|. Using symmetry of the integrand
in the last integral with respect to the line 7 = o we obtain

B<4 ° '“ L drdo
|r—a|1+25

= 4/ t=1= 2ﬂ/ |u(r) — u(r —t)|?dr dt
0 t—1
1 —t
= 4/ t’l'w/ |u(r) — u(t +7)|*dr dt
0

-1

I/\

I/\

< 4fulbs 1,x)-
Putting all estimates together leads to
T2 < elulyo1,x)-
Since J; is estimated analogously, we have J < c|u|§{3( 1,x) and together with
(1.30), (1.31) also
llull s r,xy < clulmsrx)-

REMARK 1.9. An alternate proof for Theorem 1.7 can be given by invoking
the Theorem of Reduction. Since it relies on Lemma 1.12 below, we preferred the
approach using the projection operators.

1.2.9. Another equivalent norm using the modulus of continuity. We give an alter-
nate semigroup characterization of H°. Asin (1.15), (1.16) let A be the infinitesimal
generator of a uniformly bounded Cy-semigroup T'(t) with D(A™) = H™(R,; X) for
some m € N. We first consider the case H*(R; X), s < m.

PROPOSITION 1.10. Let s=k+ 3 withk € N and 3 € (0,1). Then the set of
functions u for which

oo
(132) |u’|2D(A") +/ t-.l—zﬂ sup |(T(h) - I)Akuliz(R,X) dt
0 0<h<t
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1s finite, coincides with H*(R; X). Moreover (1.31) defines an equivalent norm on
H*(R; X).

PROOF. Recall the definition of ||u|gs(r;x) in (1.16). Clearly [|ul|zs(r;x) is
bounded above by the norm in (1.32). It thus suffices to prove

[e o]
(1.33) J<e /0 £7120|(T () — 1) AFuf2a g x) dt,

where ¢ is independent of u € H*(R; X) and
oo
J= / 7172 sup |(T(h) — 1) A*ulZa g, dt.
0 0<h<t

Let v = A*u and observe that
2

oo 1 t
J<2 / t=1=28 sup |<(T(h)-1I) / (T(r) = Ivdr dt
0 o<h<t|t 0 L2(R;X)
(1.34) ’
+2 / t=172% sup |Z(T(h)-1) / T(1)vdr dt.
0 o<h<t|t 0 L2(R;X)
Using
1 t 1 t
—(T(h)—I)/ T(r)vdr = —A/ T(a)/ T(r)vdrdo
t 0 t Jo 0
= 1/ A/ T(r)vdrdo
t Jo
1 h
=1 / T(0) do(T(t) — I)v
0
we get
1 t ?
sup |L(T(h) - 1) / T(r)vdr
o<h<t|l Lz(R X)
(1.85) T(o)|do | |(T(t) — Iv)?
<3 % ([ 1m@nas) 110 - Dol

< M?|(T(t) - )U|L2(R;x)v
where M is the uniform bound for T'(¢). The second integral in (1.34) satisfies

2

(e ) t
/ t~1728 sup l(T(h)-[) / (T(r) = Ivdr dt
0 o<h<t|t L2(R;X)
2
< (M+1) / g1 - (/ (T Ule(Rx)dT) dt
(1.36)
< (M+1)2/ t—Hﬁ/ I(T(r) — Do}z (g, x)dr dt
0 0
(M+1)2 [~ _ _
:W ) T 1 2ﬂ|(T(T)—I)’U|%2(R;X)dT.

The estimates (1.34)-(1.36) imply (1.33) and the claim is verified.
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If T(t) is the shift semigroup then

w(t,v) = sup |T'(h)v—v|L2r;x)
0<h<t
is called the modulus of continuity of v. In this case (1.32) becomes

[o o]
(1.37) A / 11281 4062 gy
0

and gives another equivalent norm for H*(R; X). Again the upper bound oo in the
integral can be replaced by any 6§ > 0. For the spaces H*(I; X) we have

PROPOSITION 1.11. Let s=k+ 8 withk € N and B € (0,1). Then the set of
functions u for which

1 ~h
(1.38) |u|§{k(1.x) + / t~172% sup / [u® (h + 1) — u® (r)|2dr dt
’ 0 0<h<tJ -

i8 finite, coincides with H°(I; X). Moreover (1.38) defines an equivalent norm on
Hs(I; X).

PROOF. Let ||u||g+(1;x) be the norm defined in (1.27), using the norm |u|gs(r;x)
in (1.37) for H*(R; X). Furthermore, recall the norm ||u|| s (r;x) defined in (1.16)*
and let || ||u|| || s (z;x) be the norm in (1.28) and |u|gs(s;x) the norm of the theorem.
Then for u € H*(I; X) we have

lull s (1:x) < IPoulms(rix) < cllpovllms (rix)
<l Nl s (r;x) < €lul s (r;x)-
Here we have used pp € L(H*(I; X), H*(R;X)). The inequality

[ulms 1,3y < Hlull & rx)

is obvious and the result is proved.

1.2.10. Concatenation of functions. Let —oo < a < d < b < 00 and choose an
integer m > 0. Then it is obvious that for v € H™(a,d; X) and w € H™(d, b; X)
such that v(¥)(d) = w*)(d),k = 0,...,m — 1, the function

_ [ v(r) forr € [a,d],
u(r) = { w(r) for 7€ [d,b

is in H™(a,b; X). In order to prove an analogous result for real s > 0 we need the
following lemma.

(1.39)

LEMMA 1.12. (a) Let o € (0,3). Then there exists a constant ¢ > 0 such that

1 0
e [ 1o drde < oo

for all € H*(-1,0; X).
(b) Let a € (3,1). Then there eists a constant ¢ > 0 such that

1
/0 1= 2a/ |(7) |2d7'dt<0|d>|Ha( 1,0:X)
for all $ € H*(~1,0; X).
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PROOF. Part (a) is a special case of [17, Theorem 4.3.2], whereas (b) does not
seem to be readily available in the literature. For the convenience of the reader we

give the proof for both cases.
Define

h(t) = { d(—t) for0<t<1,

0 fort >1

in case a € (0, 1) and

_ [ o) -6(0) foro<t<1,
hlt) = { — ¢(0) fort>1

in case a € (%, 1). Then integration by parts gives

1 t 1 1
/t-l-"’a/ |h(r)|2drdt=——/ t=2|h(t)]? dt
0 0

+—hm t‘2a/|h |2dr——-/ |h(7)|? dr.

200 t—0+

Since . .
t‘2°‘/ |h(r)|2dr§/ 772|h(r)| dr,
0 0
we get
t
lim t_2°‘/ |h(7)|2dr =0
0

provided fol 7722 |h(7)|% dr exists. In that case

1 t 1
(1.40) / t’1’2°/ |h(r);2drdtgi/ =28 (7)|2 dr.
0 0 2x 0

We give a bound for fol 7=22|h(7)|? dr, which will justify (1.40) and verify the
lemma. We put

(1.41) o(t) = -—/ h(r /[h (r)] dr

for t > 0 (compare [17, p. 261]). Since h(t) — h(r) = 0 for t,7 > 1, we have
v(t) = O(1/t) as t — oco. Therefore v(t)/t = O(1/t?) as t — oo and [, (v(r)/7)dr
exists for all ¢ > 0. Then using (1.40) we get

h(t)—v(t)+/°oy-(r—T)-dT—%/t )dr+ %—— (0)d0> dr
t
= /h d7-+ t g-(i/o h(a)da) dr
=tllm - h( T)dr
_fo for e € (0, %),
"{ - 4(0) forae (,1).
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Therefore, for t > 0,
v(t) — /oo v(—r)dr for o € (0, 3),
(1.42) h(t) = b o
v(t) — / v—(:l dr —¢(0) for o€ (3,1).
t

In case a € (3, 1) we have A(0) = 0 and by continuity of & also v(0) = 0. Therefore
by (1.42)

(1.43) lim ” @dr =—-¢(0) incaseac€ (%,1) .

t—’0+ t

Using (1.42) we also obtain

[o o] o0
/ t=22|h(t))? dt < 2/ t72%u(t)|% dt
0 0
oo [e%e) 2
+2/ t‘2“/ Malr dt, ae(O,-1->,
0 T T 2
oo o0
/ =2 h(t) |2 dt < 2 / 12 (1) 2 dt
0 0

oo (%) 2
+2/ =2 v(r) dt, ae(%,l).
0

/ ) 4+ 6(0)
P

The Hardy inequality as stated in [5, Lemma 3.4.7] (second inequality with
g =2and app = (1 -202)/2 if a € (0,3) and first inequality with ¢ = 2 and
app = (2a —1)/2 if o € (3,1)) gives

oo [e o] 2 2 00
2 m < 2 / —2a 2 l
/0 t /t " dr| dt < (2a = | t™*v(t)|* dt, ae (o0, 5)

and
< v(r) ? ( 2 )2 < —2a 2
/t dr+9(0)| dt < (52 /0 =22y (1) 2 dt,

and

oo
/ t—2a
0 T

Note, that because of (1.43) we have

/Othr=—¢(0)—/toomdr

T T

in case o € (1,1). Therefore

[e o] [e o]
(1.44) / =22 h(t)|2 dt < 6 / 122 o(t)|2 dt,
0 0

where 6 depends on o only. By (1.41) and Cauchy’s inequality we get

(1.45) /Ooot"?"lv(t)lzdt < /Ooot—l-%‘ /0: |h(t) — h(r)|? dr dt.
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Observing that h(t) = 0 for ¢ > 1 in case a € (0, 3) we have

/ t=1= 20/ |h(t) — h(r)|? dr dt
0
1
(1.46) :/ t=1- 2°'/ |h(t) |’~’drdt+/ t‘l‘%‘/ |h(7)|? dr dt
0
=/ =" 20/ |h(t) |2drdt+—/ h(7)|? dr.

Similarly we get in case a € (3,1)

/ =1 2"/ |h(t) — h()|* dr dt = /tl 2a/ |h(t) — h(r)|? dr dt
0

1 ! )
+% A |h(7) + #(0)|* dr.

Performing a change of variables in the first integral on the right-hand side of (1.46)
(or (1.47)) we obtain

/t-l 20/ |h(t) — h(r)|* dr dt = /t-l 20/ l6(t) — o(7)|* dr dt
0 0
// (t—7)"1" 20‘|<1$(7'—t (T)|2d7‘dt
1+t

—1-2a _ 2 T
_~/Ot /m"‘“’ ) — o(r)[? dr dt
1 —t
=/ t—l—?a/ \6(r) — d(r + 1)|7 dr dt.
0

-1

(1.47)

(1.48)

The second integrals in (1.46) and (1.47) obviously equal [° |¢(r)|? d7. Then from
(1.39) and (1.44)—(1.48) we obtain the desired estimates.

PROPOSITION 1.13. Assume that v € H%(a,d; X), w € H*(d,b; X) where
s=k+ 8, ke N, B€(0,1) and let u be defined as in (1.39).

(a) If B€ (0,3) and v\ (d) = wW)(d), 7 =0,...,k— 1, then u € H*(a, b; X).

(b) If B€ (3,1) and v (d) =wl)(d), j =0,...,k, then u € H*(a,b; X).

PROOF. Obviously u € H*(a, b; X). It remains to estimate (see Remark 1.8)

b—a b—t
J = / t'l‘w/ |u(k)(7') — u(k)(t + 7‘)|2 dr dt
0
d—a ad—t
= / t'l_w/ [o®) (r) — ") (t + 7)|2 dr dt
0 a
b—d b—t
+ / t_l_w/ |w(k)(7') - 'w(k)(t +7)|2drdt
0 d

b—a min(d,b—t)
+/ t‘l‘w/ [v®) (r) — w® (t + 7)|2 dr dt
0

max(a,d—t)

= J1+ Jy + J3.
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Trivially we have J; < |v(’°)|f{ﬁ(ayd;x) and Jy < Iw(k)ﬁ{g(d,b;x). For J3 we have

b—a min(d,b—t)
Js <2 / ¢-1-26 / 108 ()2 dr dt
0

max(a,d—t)

b—a min(b,d+t)
+ 2/ t_l_w/ |w® (7)|2 dr dt
0 max(d,a+t)

=:A+B

in case § € (0, 3) and

b—a min(d,b—t)
Js <2 / §-1-26 / 0 ®) () — o ®) ()| dr dt
0

max(a,d—t)

b—a min(b,d+t)
+ 2/ t~1-28 / lw® (1) — w®) (d)|? dr dt
0 max(d,a+t)

in case B € (1,1) where we use v(¥) (d) = w(¥ (d).
For A we get using Lemma 1.12(a) (with obvious changes of variables in the
integrals)

d—a d b—a
a< [ [ pWerardes [ o

-t —a

k
< cfo! )I?-Il’(a,d;x)'

Similarly,

b—d d+t b—a
B S/o t—l—2ﬁ/d |w(’°)(7')|2 dr dt+/ t_1_2ﬁ dt - lw(k)'%p(d’b;x)

< Clv(k)|12qﬂ(d,b;x)-

In case 8 € ( %, 1) we proceed analogously using Lemma 1.12(b).

1.3. Notation. We summarize some additional notation. A list of symbols can
be found at the end of this paper.

Throughout H™** m =0,1,2,..., a € (0,1), are the fractional order Sobolev
spaces of §1.2. If I = (—00,0) we employ the weighted function space Lg =
L2(-00,0; X), with |¢|%3 = ffoo |¢(t)|2g(t) dt. The assumptions on g will guar-
antee that Lg is a Hilbert space again. Similarly we put H"® = HJ*(—00,0; X) and
H*te = H"(—00,0; X) (i.e. dt is replaced by g(t)dt in the respective norms).
Furthermore we use the product space Z; = R"™ x Lg. Frequently we shall drop the
notation for the interval I if it is [s, T'], so that H™(X) = H™(s,T; X), for example.
Also the notation for R™ as the image space is dropped if no confusion can arise.
The set of bounded linear operators between Banach spaces X and Y is denoted by
L(X,Y). Finally the solution of (1.1) with initial time s, which is fixed throughout,
is denoted by z(t) = z(t;n, ¢, f,q) where ¢ = (Ao,..., Ak, A, By,..., Bg, B).
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2. Invariance results. In the following let ¢ = (Ao, ..., Ax, A, B, ..., Bk, B).
g will vary in one of the following spaces:

Q= z_>=k<0L2(R""") x L*(L},,) x i>=k< L®R™™) | x LP(L} /), 2<p< oo,
. : -k .

Q"= i>=<OL"’(R"X")J X LA(LY/) x | X L°°(R"x")J x L*(LY/q),
Ck : ok :

Qr = | X LAR™™)| x L3(L},;) x | X L®(R™™)

=0 1=1

X {BEL}L3) | |Bliaue, ) <7} 730,

[k k
Qm — -ifon—l(Rnxn):I X Hm—l(L%/g) X L__>_<1 Hm(Rnxn)] x Hm(L%/g),

m=1,2,..., and

k
Qm+a — [X Hm—l+a(Rnxn)]
1=0

k

Hm+cx(Rn><n)] X Hm+a(L?/g)
form=1,2,... and a € (0,1), a # % The [*-product-space-norm for ¢ € Q is
denoted by |g|q and similarly we use |g|g-,|q|.., and |g|g,.. .-

The case a = % corresponds to a parameter for which the Hardy inequality is
not available. This inequality is used in the proof of Lemma 1.12 below which is
basic for the proof of the fundamental Lemma 3.3.

We next list the assumptions on the weighting function g and on the coefficient
matrices which will be used in this paper:

(H1) g € LS.(—00,0;R), g > 0 a.e., and there exists a function
Ge LY. (—0,0;R)

loc

such that for almost all s € (—o0,0]

g(t+s) <G(t)g(s) forallt<O.

(H2) For any compact interval I C (—o0,0] there exists a constant m = m(I) > 0
such that g(s) > m a.e. on I.

(H3) g€ Q and f € L?(R™).

(H3*) g€ Q* and f € L2(R").

(H3,x) ¢ € @m and f € H™(R").

(H3m+a) 4 € Qm+a and f € Hm+a(Rn)'

Conditions of type (H1) and (H2) occur frequently when infinite delay equations
are investigated in state spaces like R™ x L2 (cf. [6, 10]). We shall also use the
following notations.
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Assume that (H3*) holds and let z: (—00,T] — R™ be such that z; € L? for
t € [s,T]. Then we put

ZA z(t —1;) / A(t,0)z(t + o) do,

t)zy = z(t ZB z(t —r;) / B(t,0)z(t + o) do
a.e. on [s,T]. Thus (1.1) can be expressed as

D(t)zy = /tL(s)xs ds+ f(t)+n ae. on[s,T],

Ts = ¢.
Furthermore, if ¢ € H* and (H3y,) is satisfied, we put

(D(s)9)"") = 6(0) ZZO (fj ) BY ™ ()6 (—r:)
i=1v=
- 5]_: (i) /_Ooo (%)HB(S, 0)$)(0) do,

0
s (i) /_Ow (%)j_VA(s,a)as(") (0) do,

0
7=0,....m—-2. If z: (—00,T] — R™ is such that z; € H" for s <t < T and
Ty = ¢, then

‘ d7 '
(D(s)d))(’) = ED( )Tt |t=s, j=0,....m—1,

LOHD = L)z fmer G=0,.cm—2.

For z(t) = z(t;n, ¢, f,49),y(t;m, ¢, f,q) is given by (1.4). For fixed q we define by
®o(n, ¢, /)(8) = (y(t;m, 6, f,0) = f(t),2e(n, 6, f,q)),  tE€[s T,

a mapping ®, from Z; x L?(s,T;R™) (or a subspace) into a space of Z4-valued
functions on [s,T] (to be specified in the statement of our results). Analogously,
for fixed 7, @, f we put

Unos (@) = (y(En, ¢, f,9) = f(t),2e(n, 6, f,9)),  te€[sT]
Thus ¥,, 4,5 is a mapping from @ (or a subspace) into a space of Zy-valued functions
on [s,T].
The fundamental existence and continuous dependence results are given in the
following theorem.



22 F. KAPPEL AND K. KUNISCH

THEOREM 2.1. Let (H1) and (H2) be satisfied.

(a) If in addition (H3*) holds, then for all (n, ) € Z,, and all ¢ € Q* there exists
a unique solution z(t) = z(t;n, @, f,q) of (1.1) on [s,T). For fized ¢ € Q*,®, is a
continuous linear mapping Zy x L*(R™) — C(Z,). Moreover, y(t;n, ¢, f,q) — f(t)
1s absolutely continuous and satisfies

-}t(y(t) — f(t)) =L(z¢) a.e. on|s,T].

(b) For all bounded subsets S of Q (respectively, all bounded subsets S* of Q:
with r < 1) there exists a constant 8 = B(S) (resp. B = P(S*)) such that |®|, < B
for allge S (resp. g€ S*).

(c) For all (n,¢,f) € Zg x LE(R™), ¥, 4.5 is a Lipschitz-continuous mapping
Q — C(Z,), resp., Q7 — C(Z,), i.e. for any bounded subset S of Q, resp. S*of
Qr with r < 1, there exists a constant | =1(S;n, ¢, f), resp. L =1(S*;n,9, f), such
that

1¥n.0.7(91) = ¥no.5(22)l <la — g2l
forallgy,q2 € S, resp. < l|g1—q2|g- for allg1,q2 € S*. Moreover, for any bounded
subset R of Z, x L2 (R™) there exists a constant A = A(S; R), resp. A = A(S*; R)
such that 1(S;n, ¢, f) < A(S;R), resp. U(S$*im, &, f) < A(S*;R), for all (n,¢,f) €
R.

An immediate consequence of assertions (b) and (c) is

COROLLARY 2.2. Let (H1), (H2), and (H3) (resp. (H3*)) be satisfied. Then
(M ¢, f.0) — Qq(n,¢,f) (or equivalently (n,¢,f,q) — Pn4,s(q)) defines a
Lipschitz-continuous mapping Z,x L*(R™)xQ — C(Z,) (resp. Zyx L*(R™)xQ; —
C(Z,) for anyr < 1).

For the following invariance results we need some additional notation: Assume
that (H3,,) holds. For f € H™(R™) let

Mi={(n¢)€Z| o€ Hy,D(s)p=n+ f(s)}
and for m = 2,3,...
Mm ={(n,¢) € Z, | ¢ € H"*, D(s)¢ =n + f(s),
(D(8)$)?) = (L()9)0 ™V + 1D(s), j=1,...,m — 1}.
As we shall see, (n,¢) € M,, will be needed to guarantee that the solution is

(m — 1)-times continuously differentiable at ¢ = s. If the dependence of M,, on f
is relevant we write M, (f).

PROPOSITION 2.3. Let (H1), (H2), and (H3*) hold.

(a) If f 1s continuous, then t — (y(t;n,d, f,q), z:(n, @, f,q)) 1s continuous on
[s,T). If in addition ¢ is continuous, B, € C(R"*"), ¢ =1,...,k,B € C(Lf/g),
and n = D(s)¢ — f(s), then also z(t;n, ¢, f,q) ts continuous on (—oo, T}, y(t) =
D(t)z; for allt € [s,T) and

j—t(D(t):ct — f(t)) = L(t)zy a.e. onls,T].
Furthermore, if also A, € C(R"*™), 1 =0,...,k, and A€ C’(Lf/g) then D(t)zy —
f(t) is continuously differentiable on [s,T].
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(b) Assume that (H3,,) is satisfied and that (n,¢) € My, m > 1. Then
y(§77’¢,f7Q) GHm(Rn) and zt(n’¢’f,Q) € H;n(_ooaO;Rn)
for allt € [s,T).

THEOREM 2.4. Let (H1), (H2), and (H3,,) be satisfied.

(a) For any q € Qm, ®4: Mm x H™(R™) — C(R"™ X H) is a continuous affine
mapping.

(b) For all bounded subsets S of Qn, there exists a constant B = (S) such that
|q(n, 8, f1) = 4(0,%, f2) lorrxum < B6 — Ylup + /1 — folum) for allge S
and all (n,9) € Mm(f1), (6,%) € Mm(f2).

(¢) For all (n, ¢, f) € Mpm x H®(R™), ¥, 4 5 18 a Lipschitz-continuous mapping
Qm — C(R™ x H"), i.e. for every bounded subset S of Qm there ezists a constant

L=1(S;n,¢,f) such that
1n,0.1(a1) = Un,,1(22) lowrxm < lar — 2lQ.  for all q1,q2 € S.

Moreover, for every bounded subset R of M, x H™(R™) there exists a constant
A= A(S; R) such that

1(S;m ¢, f) S A(S;R)  forall(n, ¢, f) € R.

REMARK. Note that under the assumptions of Theorem 2.4, M,, x H™(R") is
a closed affine subspace of R" x H™ x H™(R"). If f)(s) =0, j =0,...,m -1,
then M,, x H™ is a closed linear subspace of R™ x H* x H™(R") and &, €
L(Mm x H™(R™),C(R"™ x H]")).

Assuming (H3,,+,) we define for f € H™**(R"), m = 1,2,...,

{(n,¢) € Mm | p € H*t*}  for a € (0, 3),
Mm+a = {(77’ ¢) € Mm I RS H;n+a’
(D(s)¢)™ = (L(s)¢)™=1) + f(m)(s)} for @ € (1,1).

THEOREM 2.5. Let (H1), (H2), and (H3m+q), @ € (0,1), a # §, hold.

(a) For every ¢ € Qm+ia, Pg: Mmia X H"T*(R") — C(R™ x H***) is a
continuous affine mapping.

(b) For all bounded subsets S of Qm+a there exists a constant § = [(S) such
that

19q(n, ¢, f1) = @q(0, ¥, f2)lo(rrwmpte) S BUS — bl gmee + 1 f1 = folgm+e)

for allge S and all (n,8) € Mm+a(f1), (6,%) € Mmial(f2).
(¢) For all (n, ¢, f) € Mm4a X H™T*(R™) and every bounded subset S C Qm+a
there exists a constant | = 1(S;n,d, f) such that

1¥n.0.r(q1) — ‘I’n,¢,f(Q2)|c(Ran;‘+°) <l — ¢2|Quia  for allqr,q2 € S.

Moreover, for every bounded subset R of My o X H™T*(R™) there exists a constant
A= X(S; R) such that

1($;m, 6, f) SA(S;R)  for all (n, ¢, f) € R.

REMARK. As an immediate consequence from Theorems 2.4 and 2.5 we get that,
under the assumptions of these theorems, (y(t;n, 9, f,q9),z:(n, é, f,q)) € Mm(t),
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respectively € Mp,44(t) for all t € [s,T], where M, (t) and M;,44(¢) are defined
like M, and M, with s replaced by ¢.
A special type of equation contained in (1.1) is given by

(2.1) z(t)=/OB(t—a dU+//AT— o)dodr + f(t)

a.e. on [0, 7] or, equivalently by

//Ar—a o)dodr + f(t),

(2.2)
2(t) = y(t) + /OB(t—a) 2(0) do,

a.e. on [0, 7).

Equation (2.1) contains as special cases Volterra integral- and intergrodifferen-
tial equations of convolution type. There are two possibilities to subsume equa-
tion (2.1) under (1.1). The first one is to assume that A(—c¢) and B(—o) are in
Ll/g( 00,0; R"*™) and to take ¢ = 0. Then (2.1) is equivalent to

/ B(-o0)z t+ad0+// A(=0)z(t + 0)dodr + f(t)

a.e. on (0,7,
z(t)=0 fort<DO.

The advantage is that the homogeneous equation (i.e. f = const) is autonomous.
But if one is interested in regularity properties of solutions the conditions on Propo-
sition 2.3 for example are more restrictive than necessary. Note, that the condition
(0,0) € My (f) is an additional condition of f.

The second possibility to consider (2.1) as a special case of (1.1) is to take any
¢ € Lg(—oo,O; R"), g being any function satisfying (H1), (H2) and to define

A(—o) for —7<0 <0,
A(r,0) =
(2.3) 0 foro < —1.
' B(—0) for —7<0<0,
B(r,0) =
0 foro < —1.
Then (2.1) is equivalent to
0
x(t)=/ B(t,o)z(t+o do+// )z(r + 0) do dr + f(t),
a.e. on [0,T],

z(t) = ¢(t) a.e ont<O.

However, for this equation Proposition 2.3, for example, is not applicable because
A(r,0),B(7,0) are not in H™(0,T; Lf/g), m > 1, even if A and B are sufficiently
smooth.

Therefore it is useful to take the special structure of equation (2.1) into account
and to prove the regularity results separately. In analogy to the general case we put
q = (A, B). The solution of (2.2) is denoted by z(t) = z(¢; f,q), y(t) = y(t; f,q), t >
0. Let T > 0 be given. For fixed q, f — (y(-; f,q),z(; f,q)) defines a mapping &,
whereas for fixed f the mapping ¥ is defined by ¢ — (y(-; f,q),z("; f,9))-
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THEOREM 2.6. (a) Let ¢ € Q := L?(0,T;R™ ™) x L%(0,T;R™™") and f €
L?(0,T;R™). Then there exists a unique solution (y(-; f,q),z(:; f,q)) of (2.2) on
[0,T) such that

%(z(t) —/0 B(t —o)z(o)do — f(t)) = /0 A(t —o)z(o) do

a.e. on [0,T] and lim;_,o+[z(t) — f(t)] = 0. Moreover, ®, i3 a bounded linear
mapping L%(0,T;R™) — L?(0,T;R"™) x L?(0,T;R™). For any bounded subset S of
Q there exists a constant 3 = 3(S) such that

|®q| < B  forallge S.

For all f € L%(0,T;R™), ¥; is a Lipschitz-continuous mapping @ — L2(0, T; R™) x
L%(0,T;R™), i.e. for any bounded subset S of Q there exists a constant | = I(S; f)
such that

[¥s(q1) — Yr(g2)lrzxre < llg1 — gal@
for all q1,q2 € S. For any bounded subset R of L*(0,T;R™) there exists a constant
A= A(S;R) such that

I(S;f) < A(S;R)  forall feR.
If in addition f € C(0,T;R™) then also z(-; f,q) and y(; f,q) are in C(0,T;R™).
(b) Let ¢ € Qu := H™2(0, T; R™*") x H™1(0,T; R™™ ™), m > 1 an integer
(H™! is understood to be L? here), and f € H™(0,T;R"™). Then ®, is a bounded
linear mapping H™(0,T;R"™) — H™(0,T;R"™) x H™(0,T;R"). For any bounded
subset Sy, of Qm, there exists a constant 8 = B(Sy) such that
|®q| < B forallge Sp,.

For all f € H™(0,T;R"™), ¥y is a Lipschitz-continuous mapping

Qm — H™(0,T;R") x H™(0,T;R™).
Let I(S; f) be the Lipschitz constant of ¥y on the bounded subset Sy, C Q. Then

for any bounded subset R, of H™(0,T; R"™) there exists a constant A = A(Sm; Rm)
such that

USmi f) < MSm; Rm)  for all f € Ry

(c) Let g € Quye i= H™=2+a(0, T; R7*1) x H™=1+2(0, T;R™*"), a € (0,1),
a# %, and f € H™*(0,T;R"™) (here we put

Hm—2+a(0’ T; Rnxn) — L2(0, T; Rnxn)

form=1),m=1,2,.... Then ®, is a bounded linear mapping H™*t*(0, T;R"™) —
H™* (0, T;R™) x H™*%(0,T;R™). For any bounded subset Sy 0f Qm+a there
exists a constant 3 = B(Sm+a) Such that

|4 < B forallg € Spmta-
For all f € H™**(0,T;R™), ¥y is a Lipschitz-continuous mapping
Qo — H™ (0, T;R™) x H™+*(0,T;R™).
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Let I(Sm+a; f) be the Lipschitz constant of Uy on the bounded set Spio C Qmta-
Then for any bounded subset Rpyio of H™T(0,T;R™) there exists a constant
A= ASm+a; Rm+a) such that

(Sm+tas; f) < ’\(Sm-i-a; Rm+a) forall f € Rypyq.

We shall not give the proof of this theorem. For the convenience of the reader we
state the a priori estimates which are analogs to the estimates contained in Lemmas
3.1-3.3. With these estimates the proof of Theorem 2.6 is quite analogous to those
of Theorems 2.1, 2.4 and 2.5.

Let U = U(A, B, f) be the operator defined by

(U(A, B, f)z) /Bt-—a a)da+/0 /0 A(r - 0)z(o) dodr + f(2)
a.e. on [0,T]

for z € L2(0,T;R™). For the definition of the norms | - || * lmous | * Imtoou it <0,
and the convention on the constant ¢ and the function p(u) see the beginning of
the next section.

LEMMA 2.7. (a) Let f € L*>(0,T;R™) and ¢ € Q. Then
[U(A, B, f)zlu < |fl2 + p()ldl@lelu, =€ L*(0,T;R™).

(b) Let f € H™(0,T;R") and ¢ € Qm, m > 1 an integer. Then for the unique
solution z = z(+; f,q) of (2.1)

|zlgm = |U(A, B, f)2lm,u < k(@ )| flam + p(1) (1Al L2 + | BlL2)|Z]m

where k: [0,00) — R™T is continuous, k(0) > 1.
(c) Let f € H™**(0,T;R™) and ¢ € Qmta, @ € (0,1), a # 3. Then for the
unique solution z = z(-; f,q) of (2.1)

|Zlm+au < (L + D)1+ 1glQmi ) flHmse + p(1)|9l@um sl Zlmtau-

3. Proofs for the results of §2. The general idea for the proofs is a standard
one, namely to associate with equation (1.1) a fixed point equation in L2(s, T; R™),
H™(s,T;R™) or H™t%(s, T; R™), respectively, and to show that the operator cor-
responding to equation (1.1) is a contraction. Using the standard norms in the
spaces mentioned above one would get the desired results on sufficiently small in-
tervals only and had to use stepwise prolongation of solutions in order to get the
result on any prescribed interval [s, T]. We shall avoid this prolongation procedure
by using equivalent weighted norms in the relevant spaces.

Let x4 < 0 be a real number to be specified later and define the norms

T
(3.1) |z|i = / e2#(t=9) | 2(1)|? dt, z € L*(X),
S
) m d]Z 2
(3.2) |22, = | ze H(X), m=1,2,...,
7=0 u

and
(3.3) 22 sap = 2l20, + [2(m g,,, z€ H™*(X), a € (0,1),
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where
1
[z"")]i,,,=/ {17200 ) (3 _ hCs ) (g2, gy
0

It is trivial that | - |, is a norm equivalent to the standard norm on L?(X). Corre-
spondingly | - |m,, is an equivalent norm on H™(X). Equivalence of | - |;m4a,u to
| - Im+a,0 is based on the inequalities

e =) f(-) — et £ 4 t)l%Q(s,T—t;X)
S2AFC) = FC+ D) (ortx) + 26| f122(x)
and

1F() = FC+ D)o rrx) < 288 T=)eb (=) £() — et (=F0 £ 4 8)|32 0 rsix)
+ 2t2e2I#I(T—8)(CIuI _ 1)2|f|;2r

Here we used the inequalities 1 — e#t < |ult for t > 0 and (1+el#It)? < ¢2(el#l —1)2
for 0 < t < 1. Using the norm (3.3) implicitly assumes 7' > s + 1. In order to
avoid unnecessary complications in the estimates to follow we assume throughout
this section that T > s+ r + 1 and r; > 1. The first assumption obviously is no
restriction. Similarly r; > 1 is no restriction since fol can be replaced by f(f with
any 6 > 0 in (3.4) as mentioned in §1.2.

Let Y be one of the spaces L2(R"), H™(R") or H™+*(R"), respectively, with
the interval [s, T suppressed in the notation. For z € Y we put

x()z{z(t) for s <t <T,

(3:5) d(t—s) fort<s.

The operator U = U(n, ¢, f,q) is defined by

k
(U2)(2) =n+f(t)+ZB t)z(t —r;) / B(t,0)z(t + o) do
(3.6) =1
+Z z(t+7; dT+// z(T + o) dodr
= s
forzeY and t € [5,T).
In the following ¢, ¢1,c2, ... will be nonnegative constants which may depend on

a,m,p, T —s,g,G but not on u,n,d, f or q. Similarly, e(u),c1(1),... and p(u) are
continuous nonnegative functions of u not dependent on 7, ¢, f or q. In addition
p(u) will always satisfy lim,_, _o p() = 0. All these constants and functions need
not be the same on each occasion where they appear.

3.1. PROOF OF THEOREM 2.1 AND PROPOSITION 2.3. In this case Y =
L%(R™). The fundamental estimate is contained in the following lemma.

LEMMA 3.1. Let (H1), (H2) be satisfied.
(a) Assume (H3*) and let (n,¢) € Z;. Then

[U(n, 8, f,9)zlu < ealnl + calgle-1dlLz +[f]L2 + (p(W)T™ + hp(k))lzlu
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for all z €Y, where
k k
r'* = Z |A,‘|L2 + |A1L2 + Z |B‘iIL°°

and 0 < hp(p) < |B|L2 with lim,_,_ hp(u) = 0.
(b) If (H3) s satisfied and (n,¢) € Z,, then

[U(n, ¢, f,@)zlu < c1lnl + c2laloldlrz + [flL2 + p(w)ldlol2lu
forallzeY.

PROOF. The result will follow from estimates of the six terms on the right side
of (3.6). Obviously

(3.7) Iy < (T =9)"?nl  and  |flu < |f]z2.

Moreover

T
1Bi(al- = )2 < |Bile [ et a(e = i)
L)

1
<|Bil} ((S}lp%s],s 5) |¢I%§ + e2Hm |z|i)
oy

k
< (Z |Bil =) elglzz + p(u)|z|u) .
u

=1

and therefore

k
> Bi()a( —r:)

=1

(3.8)

Next we have the estimate

2 2

T 0
” 52/s (/_m |B(t,a+s—t)||¢(0)|da) dt2

T t
+2 / ¢2u(t=2) ( / IB(t, 0 — 1)]|2(0)] da) dt
8 8
=:1+1I.

/0 B(-,0)z(- + 0)do

We estimate I and II separately. Using the Cauchy inequality and (H1) we obtain

1< 2/: (/_Ooo 'B;t(’a"::_“t;”? da) (/_Ooo I6(c) g0 + 5 — t)da) dt

<2 (supessG) |B|%2(L§/g)|¢|%g-

[s—=T,0]
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Using the Cauchy and Hoélder inequalities and Minkowski’s integral inequality (see
for instance [13, p. 14]) we get with = supess(,_r o} 9

1152/3 e2m(t= 8></|Bt"—_t )(/ |2(o |2g(a—t)da)dt
T t

521/ |B(t, )|L2 /62"(t_3)|z(0)|2d0dt
8 8

1/9
T t p/(p—2)
< 2BlLorz ) (/ (/ ez"“‘s)lz(a)lzdo) dt)
3 8
T T (p-2)/p
< 21Blys / ( / (€24(1=0)e24(T=9)|5() )P/ (P=2) dt) do

9 P 2 (p—2)/p 9
S 2’7|B'LP(L¥/9) (2P|M|> |Z|‘4

(p-2)/p

and therefore

/ B-o)a(- +)do| < |Blusas, (clélz + o)l
m

(3.9)

if (H3) holds. Similarly we find by the dominated convergence theorem

(3.10) 0)a(-+0)do| < |Bliauz ) (eléleg +ha(u)l2l,)

n

if (H3*) holds. Here the function hp(u) has the properties stated in the lemma.
It is easy to obtain the estimate

T)z(r —r;)dr

2
<(T-53) (sup ess —) |Az|L2|¢|L2
u

(=r.0]
+ L ARR =0,k
|u| ”’ 9 9 k)

and consequently

koo
;/0 Ai(T)z(r — 7)) dr

Finally we observe that

(3.11)

Kk
< (Z IAi|L2) (clelez + p(u)l2ly)-
i=0

m

.00 2
/ A(r,0)z(T + o) do dr
—o00

52/ (/ er(t- 3)/ A(r,0 —7)||o(0 —.s)|dad1‘)2 dt
+2/8T (/ e“(t_’)/s |A(T,0—T)Hz(a)|dad1')2 dt

=I1+1IL
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Using the Minkowski and Cauchy inequality we obtain

<2 (/ST (/TT (/_soo |A(r,0 —7)||¢p(0 — s)|d0)2 dt) v d7)2
<o [1([7([ A=t ar)
X </_; |p(o — s)|>g(0 — r)da) dt>l/2 dr>

2 2 2
<2 (sineme) 0, Wiy 7o

2

The estimate for II is

T T s TVA(r,0 = 7)|?
<2 (/ (/ e2ult=9) (/ T dcr)
1/2
: </T |z(0)|%g(o — 1) do) dt) dr)

2

T
< 2|supessg / |[A(7,)|L2
[s—T,0] s g
T p,1 1/2 2
(/ / ez“(‘_")e2“("_s)|z(a)|2dadt) dr)
T S
T T T 1/2 2
<2y / |A(T, )2 / (779 |2(q)|? / et dtdo |  dr
s e s max(o,T)

1
< y—=|221A2 T -5s).
_’7|u||2|p| |L2(Lf/g)( 5)

Summarizing these estimates we arrive at

/8. /_000 A(r,0)z(r + o) do dr

The assertion of the lemma now follows from (3.7)-(3.12).
PROOF OF THEOREM 2.1. (a) Let z;, 2o € L2(R™). Then according to Lemma
3.1
|U(777 ¢7 f1 q)21 - U(ﬂv ¢7 f, q)22|# = |U(O, Oa Os Q)(Zl - 22)‘;1.
< (p(WT* + hp(k))lz1 = 22lu,
so that U is a contraction on L2(R") provided that u < 0 is chosen such that
o =p(u)I™* + hp(p) < 1.

Then there exists a unique fixed point 2 € L?(R") of U and the corresponding
function z (see (3.5)) is the unique solution of (1.1).

(3.12) < |A|L2(L§/g)(0|¢|L§ + p(1)|2lu)-

m
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Next we show that the linear mapping ®, has its range in C(Z;). Using (H1)
and the definition of z(t) we get

0
/ |z:(7)|%g(7) dr < [supessG | |$|22 + e2#(=T) | supessg lzl;‘i,
—o00 [s—=T,0) g [s=T,0]

which proves that (y(t) — f(t),z¢) € Zy for s <t < T. Absolute continuity of
y(t;n, o, f,q) — f(t) on [s,T) follows from (1.6). In order to establish continuity of
t — z; we observe that for M < 0 and s <t; <ty < T we have

0 M
| o) = aumPoydr < [ fou(r) = 2 (Par) dr
— 00 —0o0
0
+ (supessg / lz(ty +7) — z(to + 7)|2 dr
(M,0] M
=:1; +1s.
For I; we get
M+T-s M+T-s
I 32/ |a:s(r)|2g(r+s——t1)dr+2/ leo(r)2g(r + 5 — tg) dr
—oo —00
M+T-s
<4 (supessG / |zs(7)|%g(7) dr.
[s—T,0] —00

This shows that I; can be made arbitrarily small for all ¢;,t5 € [s,T] by an appro-
priate choice of M. Then Is can be made small by choosing t; — ¢; small.

In order to verify that ®, is bounded let 2 be the fixed point of u(n, ¢,t,q), ¢ €
Q*. Then from Lemma 3.1 we see that

(3.13) 2l <

T— o (clnl + c2lalg-1#lz +1f1z2)

with o* as above. A short calculation using (H1) shows that

1/2 1/2
(3.14) |z:(n,4, f,9)|ez < (supessG> (n, )]z, + (stmessy) ez,

[s—T,0] [s—T,0]

From (3.13) and (3.14) we obtain
c *
(3.15)  sup x|z <cl(n,9)|z, + T—=(In| + (T + |BlL2)|¢lrz + |f|L2).
s<t<T g l—-a ]

Finally by (H2) and (H3*) we have

1/2
(3.16) [y(t) - f(O)| < Inl + { (sup es ;) S 1Ad e
1=0

[8_ )

+ (T - 3)1/2|A|L2(L?/g)} [SquP] IIEtILg.
8,

These estimates imply boundedness of ®, for fixed ¢ € @*. The final assertion of
(a) is easily verified.
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(b) If $* is a bounded subset of @} with r < 1, then 4 can be chosen such that

a=pp)sup ' +r<1.
9€Q;

The assertion now follows with (3.14)—(3.16) and a* replaced by & as in (a). Simi-
larly, if § is a bounded subset of @ , there exists v such that |g|g <~ forall g € S.
Then u can be chosen such that

pPmlaleg < a:=p(p)y<1l, qg€S.
We obtain c
l2lu < = (Inl + 1912z + 1f]L2)-

This together with (3.14) and (3.16) ends the proof of (b).

(c) We only verify the estimates for ¢ € S, S a bounded subset of @, the proof
for the other case being quite similar. For (n,¢, f) € Z, x LZ(R™) let 2; denote the
fixed point of U(n,d, f,¢;) in Lz, 1 =1,2. Using Lemma 3.1 we get

|21 — 22| = [U(n, 8, f,q1)21 = U(n, 9, f,42) 22|,
<|U(0,0,0,91)(21 — 22)|u +|U(0,8,0,91 — g2) 224
< p(p)larlQlzy — 22| + (cllLz + p(u)l22]u)lar — g2le-
With 4, u, and & chosen as in (b) this implies
|21 = 22| S e(llez + |22lu)lar — @2lQs @102 €S-
This estimate together with (3.14) gives
(3.17) sup I(z1)e — (z2)elr2 < clllLz + 22lu)lar — q2lo-

s,T

Here z; is the solution of (1.1) corresponding to z;, ¢ = 1,2. Analogously to (3.16)
we have

1/2
1
ly1(t) — y2(t)] < (( sup ess —) + (T - 8)1/2)
[s—=T-r,0] 9

-4 lg1 — g2|@ sup [(z2)elLz + v sup |(z1): — (z2)elL2 ¢ -
[5,T) (,T]

Using (3.17) we obtain

(3.18) [wa(t) = 92(8)] < c (;ug] |(z2)elzz + 18lzz + |z2|u> g1 — sl
8,

for q1,q2 € S. Inequality (3.14) implies
1/2 1/2
(3.19) sup |(z2)t|L2 < [ supessG |(n,¢)|z, + | supessg e“(s_T)|z2|,,.
[s,T] ¢ [s—T,0) [s—T,0]

From Lemma 3.1 (b) we further get for go € §

¢
(3.20) ool < = (1112 + Il +216lz).
The estimates (3.17)-(3.20) together prove assertion (c).
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PROOF OF PROPOSITION 2.3. (a) The first assertion is obvious from (1.6).
Under the additional assumptions the terms B;(t)z(t — r;), ¢ = 1,...,k, are con-
tinuous on [s, s + r;]. Continuity of the second term on the right-hand side of (1.1)
follows from

0 0
/ B(t1,0)z(t, + o) da—/ B(ta,0)z(ty + o) do

— 00

<|B(t )|z, o1, — ;]2 + [B(t1, ) — Blta, )z, [2ea|L2-

Therefore z is continuous on (s,s + r1). At t = s we have z(s — 0) = ¢(0) and
z(s+0) = ¢(0)— D(s)¢+ f(s)+n = ¢(0) by assumption. Therefore z is continuous
at t = s and B;(t)z(t —r;) is continuous at t = s+7; also. By stepwise continuation
we see that z is continuous on (—oo,T]. The proofs for the other statements are
easy.

(b) Assume that the result is true for m — 1, m > 2. Then (1.1) implies

k 0
gm-1(t) = Z Bi(t)™ YV (t — ;) + / B(t,0)2™=V(t +0)do
=1 — 00
(3.21) ' m—2
+ g L(t)ae + F=D(t) 4+ Fp_y(t)  ae. on[s,T],

z(m—l) (t) — ¢(m_l)(t — s) a.e. on (—OO, 5),
where

k
Fi(t) =  F-1(t) + Y Bit)eU Y (t —)
=1
0 .
+/ Bi(t,0)zV "V (t+0)do, j=1,...,m,
— 00
Fo(t) =n.

Condition (H3,,) and continuity of z(™~2) imply that f(t) = (d™2/dt™ 2?)L(t)z,
+ f(m=1)(t) + Fy,_1(t) is continuous on [s, T]. Therefore we can prove continuity of
z(m=1) on (—o0,T] as under (a) above; continuity of z{™~1) at t = s follows from

z(m=1)(s) = ¢(m=1)(0) and
2o+ 0) = (L) + 17D ) + P9

0
+ZB (8)p(m=1) (- )+/ B(s,0)¢\™ Y (0) do

= (D(8)¢)(’" Y4+ ¢m=1(0) - (D(s)g) ™1 = g™ 1)(0).
Here we have used that (n,$) € M,, and

+EB ()™= (- / B(s5,0)¢™ Y (0) do
=¢"" 1( 0) ~ (D(s)¢)™ 1.

(3.22)
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Consider the equation

ZB v(t —7;) / B(t,o)v(t +0)do

(3.23) dm 1
+ dtm—_lL(t)iEt + fM)(t) + Fru(t) a.e. on [s,T],

v(t) =¢™(t—s) a.e. on (—00,0).
Continuity of z(™~1) and (H3,,) imply that
dm—l
drm—1
According to Theorem 2.1 (with obvious modifications) there exists a unique so-
lution v of (3.23) on (—o00,T] such that v, € LZ(—o0,0;R™) for all ¢ € [s,T]. We
shall show that v(t) = (™) (t) and define

L(t)z; + f™(t) + F(t) € L(s, T; R™).

y(t) =¢(’"‘”(0)+/tv(o) do,  te€(-oo,T].

Then integration by parts yields

(3.24) /s Bi(t)u(r — r;) dr = By(t)y(t — ;) — /s Bi(r)y(r — i) dr
_Bi(s)¢(m_l)(_ri), 1= 11"'7k7
and
t (0 0
/ / B(r,0)v(r + 0)dodr = / B(t,0)g(t + o) do
(3.25) _ / t / * By(r.o)i(r +0)dodr

—/0 B(s,0)¢\™ Y (0) do.

Integrating (3.24) from s to ¢t and using (3.24), (3.25), and (3.21) we obtain for
w(t) = §(t) — 2D (2):

ZB w(t —r) + /_0 B(t,o)w(t +0)do — Z/B w(r —r;)dr

// By(r,0)w(r +0)dodt+ M a.e. on [s,T],

w(t)=0 fort <s,

where

M = ¢m=1(0) - f" " (s) — L(s)¢™ )
k 0

Fnes(s) + 3 Bl9)p™ D (—ri) + [

—0o0

B(s,0)¢™ V(o) da] .

1=1
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From (3.22) and (n,¢) € M, we see that M = 0. Therefore w(t) = 0 on [s,T]
also and consequently v(t) = z(™)(t) a.e. on (—o0o,T]. It is easy to see that
z: € HJ'(—00,0;R") for all t € [s,T]. The case m =1 is handled in an analogous
manner and the proof is finished.

3.2. PROOF OF THEOREM 2.4. In this case Y = H™(s,T;R"). We first
derive the following a priori estimate of the solution z which is guaranteed to exist
and to be sufficiently smooth by Proposition 2.3(b).

LEMMA 3.2. Let (H1), (H2), and (H3,,) be satisfied and assume (n,$) € Mpm,
m > 1. Then the solution z = z(-;n, 8, f,q) of (1.1) satisfies

|z|myl" |U(7’ ¢7fa )xlm,u

3.26
(3.26) < crllan Bl + calflarm + (1) alQu 2l s

PROOF. We prove the case m = 1 in some detail. The general case m > 2
can be verified by induction. Inequality (3.26) will follow from a series of estimates
which are quite similar to those in the proof of Lemma 3.1. It is easy to see that

k

< (ellmy + p(W)llu) Y |Bila-

u i=1

(3.27)

Further, the estimate of | f B(-,0)&(- + 0) do|, is similar to that in (3.9). We
have, using the continuous embeddlng H l(L M Cc(L? /g)

2
z(-+o0)do

"
2

< 2/8T (/_Ooo IB(t,o+ s — t)||¢'>(a)|da> dt

T t 2
42 / ¢2u(t—s) ( / IB(t,a—t)llrt(a)lda) dt
8 8

T t
< erlBlaus 0lE; + calBlingr ), [ [ 0o Ia(o)P dodr
8 8

2 y ¢ .
S e1lBliay,, 1912 + g1 1Bl ez, 14l
so that

(3.28) < (cléluy + p(W)l2l1,u) 1Bl ez, )-

m

/ B(:,0)z(- +0)do
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In the following estimate we use continuity of z at s:

0
1Bi(-)a(- = 7:)|Z < / |Bi(t + 5+ ) Po(2)]? dt

Ti

T—r;
+ e24n / 29 By (t + 1;) 12|z (t)|? dt
8

T—r; t 2
S elBilLa l¢l, + ™0 / U7 By(t + 7y) 2 <|¢(0)|+ / |¢(a)|do> dt
8 8
T—r; t 2
S elBilLal6l, + 260 / 2By (¢ + ) ( / |a's(a)1da> dt
8 8

T—r; t
< clBil22 1613, + 26247 (T — 5) / IBi(t + )2 / (=914 (0) 2 do dt
9
8 K]
T—r; t
< clBil72101%, +2e7 (T - 8)/ |Bi(t + n)12/ (779 |3(0)|? do dt
9
Kl s
< elBilfa I8l + 267 (T = 9)|Bif22 o}

This implies

(3.29) < (clglay + p(w)lz]1,u) ZIB lan-

k
> B —r

The following estimate is similar to the one leading to (3.9):

m

0 2
‘/ Bi(-,0)z(-+0)do| <I+I1I,
—oo ”
where
2
I< C|Bt|i2(Lf/g)|¢|Lg
and

T t o 2
IISc/ |Be(t,)lZ2, / e2h(t=2) (|¢(o)|+/ |:b(r)|dr) do dt
s 9Js s

< 61|Bt|%2(L%/g)|¢|H;

T t o 2
+c=_>/ |B,(t,~)|{2/ / (/ e”(t_r)e“(f_s)|i(r)|dr> do dt
s 19 Jo s

< exlBilfaa )l9lky

T t o o
+c2/ IBy(t, )2, / (/ €21(1=2) (1) |2dT> (/ e2"<t-f)dr) do dt
s Ve Js s s

< C|Bt|{'},2(1,§/g)|¢|i1gl + p(u)lBt|L2(Lf/g)|j5';24

and therefore

(3.30) ’/0 Bi(,0)2(- + o) do

< (cl@luy + p(p)|2]1,u)|Bla (L2,)-

—00 uw
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The next two estimates are completely analogous to those in (3.29) and (3.30):

k k
(3.31) S Ai()a(-— )| < (clolmy + p(w)lzlie) D 1AdlLe,
=1 M 1=1
0
(3.32) .[ A(,0)a(-+0)do| < (elgluy + p(w)lels,u)lAlL2zz, ).

n

Finally we estimate the term Ao(t)z(t) using the Minkowski integral inequality,
Cauchy’s inequality and Fubini’s theorem:

T
Md)d%is2/ 24(0-9)| 44 (1) 2|6(0) * dt

8
2

T t
+2/ 62”(t—s)|A0(t)|2 (/ |:i:(T)|d1') dt
8 8
T T 1/2 2
< C|A0l%2|¢|%{; +2 / (/ ezu(t_s)|AO(t)|2|i(T)|2 dt) dr
s T

T r 1/2 2
< c[Ao|%2|¢|";,; +2 (/ e#(r—s)li(T)l (/ e2ﬂ(t—f)|A0(t)|2 dt) dr
8 T

T T
< claolbaloly + 2442 [ [ a0 dear
8 T

1 T
< clAolialolly + ol [ Aa(o)l a
S

and thus
(3.33) |[40(-)z()lu < (cldlmy + p()lzl1,u)lAo| L2
The estimates (3.27)-(3.33) together with Lemma 3.1(b) imply

|Zl1,0 < (c1lélay + o)zl w)lglQ, + e2lflmn,
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which proves the claim for m = 1. For m > 2 we have

k
z(m)(t)—ZB()z(m)(t—n)+/ B(t,0)z'™ (t + o) d
=1 — 00
k m-—1
mY glm=3) 1\ (0) (4 _
+§,=O(J>B ()29t = 7,)
m—1 0 gm—17
(3.34) + 2 (T)/w <8tm—fB(t’0)) 9 (t+0)d
k m-1 m—1 (m—1—7) )
+§]=0( J )A () J(t—r,)

3; ( j ) /_Ooo (%A(t,ﬂ) 20t +0) do + £0)(2).

For the first two terms we use analogs to inequalities (3.27), (3.29) whereas for the
other terms we use inequalities of type (3.29), (3.30), and (3.33).

PROOF OF THEOREM 2.4. (a) As in the proof of Theorem 2.1(a), we find
by Proposition 2.3 that (y(t) — f(t),z:) € R" x H* for all ¢t € [s,T] and that
®y(n,¢,f) € C(s,T;R™ x HT*) if (1,0, f,q) € My X H™ X Q.

(b) Choose « such that |g|g,, < v for ¢ € S and then u such that & = p(u)y < 1.
Then by Lemma 3.2 we find for all (n,¢) € M, (f1) and (6,¢) € M (f2)

|$(';77a¢7 fl»q) - x(';a,d}afZaQ)lm‘u S 1

for ¢ € S. Moreover,

1
- &(cn|¢> = Ylam +c2lfi = folum)

1/2
lxt(ﬂ,fﬁ, flaq) - It(oawv fZ)Q)IH;" S (suPeSSG) |¢ - d)IH;"

[s—T,0]
1/2
+ (Tup;z?ﬁ g) e z(n, 8, f1,9) — 2(50,%, f2,0)lm,u-
s—1,

These inequalities together with (3.16) imply (b).
(c) Let z;(t) = z(t;n, ¢, f,q:), © = 1,2, with ¢; € § C Q.. Then the estimates
of Lemma 3.2 imply
|21 = Z2lmu < |U(0 0,0,q1)(z1 — 22)|m,u + [U(0,6,0,q1 — g2)Z2|m,u
(z1 = T2lm,u + (cldlam + p(K)|Z2]m,u)lar — g2l

As above we choose p such that & = yp(u) < 1. Then

'xl - $2|m,p (|¢|H"‘ + |x2|m M)IQI Q2|Qm°

1

Therefore, similar to (3.17) we have

sup |(z1): — (z2)¢|lam < c(|dlam + |T2|m.u)lar — 92|Qums q1,92 € S.
(5.T] 9 9
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Since by Lemma 3.2
|$2|m,u > 1 (|¢|H"‘ + |f|H"‘)

we obtain

[SUIE] I(z1) = (z2)elap < c(|flam + |dlap)lar — a2lQn
8,

for all q1,g2 € §. This estimate together with (3.18)—(3.20) ends the proof.

3.3. PROOF OF THEOREM 2.5. In this case Y = H™*(s,T;R"), a €
(0,1), a # 3. We first state an analogon to Lemma 3.1 and 3.2. From Proposition
2.3 we know that a solution z(t) = z(t;n, ¢, f,q) exists.

LEMMA 3.3. Let (H1), (H2), and (H3+4) be satisfied and assume (n,¢) €
Mm+a, @ € (0,1), a # % Then the solution z = z(-;n, ¢, f,q) satisfies

|x|m+a,u =U(n, ¢, f, Q)z|m+a,u
< er(L+ |ple? T2 glg . |l gmra + colf|me
+ p(”)lqum+a|z|m+&yﬂ'

The proof of this lemma will be given below.

PROOF OF THEOREM 2.5. (a) Let ¢ € Qm+q. Note that the set Mpiq X
H™+*(R") is a closed affine subspace of R x H;***(R™) x H™**(R"). We show
that

q"l(n’d)’ f) € C(S, T; R"™ x H;"‘"'o‘)

for
(n,¢, f) € Mpmga X Hm+a(Rn).

In case o € (0, 1) we have

1/2

1
el gre = leelap + (/ ™) = 2™ 4 D ooy d’)
o

1 -7
< lzelap + (/ rT172e / (6™ (0) — ¢{™) (o + 7)|%g(0 — 7+ 8) do

min(0,t—8—71)
/ - 2“/ 6™ (0)1g(0 + 5 — t) do dr

0

min(r,t—s)

+2/ -1- 2a/ |2{™) (o + 8)|2g(c + 8 — t — 7) do dr
max(t—s—7,0)

+/ -1- 1“/ l2(™ (s + 0) — 2™ (s + 0 + h)|?

1/2
y(a+s-—t)dodr) .

1/2
y=e ¥ [max (sup essG, supess g)} .

[s—T,0] [s—T—-1,0]

Let
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Then Lemma 1.12(a) implies
(3.35)

1
It ynte < |zl + (/0 e A OB R G [ PR

1 0
+2/ r‘-’a/ [¢(™) (0)|? do dr
0 -7
1 T
+2/ 7_1_2"/ |z(’")(a+s)|262“”dadr
0 0

1 T—-s—r1 1/2
+/ 7_1_2(1/ 1z(™) (s + o) _z('")(s+a+r)|2ez“°dodf)
0 0

< C(|¢|H;n+a + |Z|m+a,u)-

Similarly, for a € (1,1) we get by Lemma 1.12(b)

(3.36)
1 -7
IItIH;n+a <lztlap + (/ T’“”/ 16(™) (o) — ¢!™) (0 + 7)g(0 — 5 + t) dodr
0 —o0
1 min(s—t,—71)
+2/ r-l-'-’a/ 6™ (t + o — 5) — (™) (0)|?g(0) do dr
0 s—t—7

1 min(s—t,—h)
+2/ 7'1"20/ lz(’")(s) —z(M™(t+0+71)2 go)dodr
0 s

—t—r

1 max(t—s—7,0)
+/ 1_1_2"‘/ lzt™ (s +0) — 2™ (s 4+ 0 +7)|?
0 0

1/2
glo+s— t)dvdr)

1 0
< |:::¢|H5n +~ (|¢|§1;,,+a + 2/ T-l—m/ |¢(m)(g) — ¢(m)(0)|2dadr
0

-7

1 8+T1
+ 2/ r-1-2a / Iz("’)(s) - z(m)(a)|2e2“(°_") do dr
0 s

1 T—r 1/2
+/ r-1-2a/ |z (o) — x(’")(o+r)|2ez“("_’)dadr>
0 8

< C(|¢IH;"+° + |Z]m+a,u)-
Since Lemma 3.3 implies that u can be chosen such that
|Z|m+o,u <c ((1 + lﬂ|e2|m(T_s))l/2|¢|H;"+a|(I|Qm+a + |f|H'"+°‘) )

we obtain (y(t),z;) € R® x H*t*(R") for all t € [5, 7).

In order to finish the proof of part (a) of Theorem 2.5 we have to prove continuity
oft = z4. Let s <ty <ty <T. Then

|1’t1 - l‘t2|2 m+a — |13t1 - Ztt?ﬁ:{m + J(tl,tz),
Hy g

where

1 -
J(t,,t2)=/0 t“1"2°‘/_ 2™ (r) —2{™) (1) =l (¢4 7) + 2 (t+7)|2g(r) dr dt.
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It is clear that |z¢, — 2¢,|um — O asto —t; — 0. Let € [s,T] and M > T —s.
Recall that M > 1, since T > s+ r + 1. Then

1 —
/ t~1-2 / 2™ (7) — 2™ (t + 7)|2g(r) dr dt
0 —00

1 —M+E—s
= / g% / 16 (o) — ™ (0 + t)|%g(0 + s — €) do dt
0

— 00

1 —M4T-s
<supessG [ t~172% / |6(™ (0) — ™) (0 + t)|?g(0) do dt
[s—T,0] 0 —o00

<ef4 forall € €[s,T]
provided we choose M sufficiently large. Using this we get

1 —
/0 ti-2e /_oo 2™ (1) — 2 (1) — 2 (¢ + 1) + 20 (¢ + 7)[2g(r) dr dt
1 -M
<z [ i [l ) - ol 4 ) Polr) dr
0 —00

1 -
+2/ t‘1‘2°‘/ 2™ (1) — 2™ (¢ + 7)|2g() dr dt
0 —o00
<€

for all ¢,t2 € [s,T)]. Since we have
1 —t
/ t-1-%a / 128 (r) = 2T (7) = 2 + 1) + 2 (¢ + 7)Po(r) dr dt
0 -M

1 -t
<su pessg/ t‘1‘2°‘/ |z£:")(r) —zg")(r)
0 M

[-M,0]
- a:x") (t+71)+ xgm)(t +7)|? dr dt,

it remains to prove that
1 —t

K(ty,t2) := / g—1-2a / |z{™ (1) =2{™ (1) = 2™ (t47) +2(™ (t47)|? dr dt — 0
0 -M

as to—t; — 0. In the last integral only values of z(t) for t € [s— M, T] =: I appear.
Since z1 € H;"*"’, it is clear that z|Iy € H™(Ip;R") or z(™)|I, € H*(Ip;R")
by the properties of g. Let pg be the extension operator corresponding to Iy (defined
with m = 1). Then

u = po(z™|Ip) € H*(R;R™).
Since the shift is strongly continuous (see Proposition 1.1) on H*(R;R") we see
that for any € > 0 there exists a 6 > 0 such that

[u(ts +-) —ultz + )|gamrn) <€

provided t; — t; < 6. Let r; be the restriction operator corresponding to I =
[-M,0]. Then
|rru(t + ) — rou(te + )| ga(r;rr) < cE
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for t —t; < 6. The integral in the above norm is just

1 —t
/ t-l-%/ lu(ts +7) —u(to +7) —u(ts +t+7) +u(ts +t +7)[*drdt
0 -M

1 —t
= / t_1"2°‘/ |0 (t1 4+ 7) — 2™ (b + 7)
0 -M

—2M(ty +t+7) + 2™ (g +t+7)[2drdt
= K(t,t2).

With the estimates (3.35), (3.35) and Lemma 3.3 the proofs of (b) and (c) are
analogous to those of Theorem 2.2, (b) and (c).

PROOF OF LEMMA 3.3. We first consider the case m = 1. Since the estimates
for the H!*®-norm of the terms on the right side of (3.6) are rather tedious, we
only give the details for three terms which are representative for the rest.

(i) Estimation of B;(t)z(t —r;), 1 =1,...,k. We have

1
(Bi()a(- — )2, = /0 121 dt,

where

T—t
B(t) = / |e#7=9) By(1) (1 — r5) — TS Bi(r + )i (r — vy + t)? dr
° T-t
<2 / Bi(r) P10 (r — 1) — BT+ 5 (7 — r )2 dr
S

T—t
+2 / Bi(r) = By(r + R)2|e = i(r — 1y + 1)[2 dr
8

=1+1IL
We first consider I and get using the continuous embedding H!t*(R"*") C
C(Rnxn)
I S 2|Bi|§11+a (Jl + J2 + J3)a
where ot
Ji = / 62"("+’_3)|d>(r —s)— e“tq.ﬁ(r —s+1t)]2dr,
8—T;

8
Jy = / 2T h(r — 5) — ebtz(r + t)| dr
s—t

and S
J3 = / g2HT |e“(’_s)é(r) - e“(’_”t)z'(r +t)|%dr.
8

Using r; + 7 — s > 0 we get
s—t

s_t . . .
J152/ l¢(r—s)—¢(T—s+t)|2dr+2(1—e“t)2/ |o(r +t — o)[2 dr

—-Ty S—Ty
<20é(-) - (- + )Z2(—r—ern) T 200816172 (s 0rm)
1 . .
<2 <supess —) (160) = 9+ D13, + uPe21lh )

[-r0] 9
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We next consider J; for a € (0, %) Recall that we assume r; > 1.
8 . 8
Ja < 2/ e (TitT=9)|4(r — 8)|2 dr + 2/ e (rtT=stt) (1 4 1)|2 dr
s—t s—t
(U s+t
<2 / |G(r)P? dr + 2¢24: / 479|572 dr.
—t s

For o € (%, 1) we obtain, using the estimates e#” — 1 < (1 —e #)r for -1 <7 <0
and

s+t 1
/ (T3t _1)2dr < —t3¢~2H
: B
s o .
Jy <2 / 2 riFTH9)|6(1r — 5) — $(0)|? dr
s—t
8
+2 / AT 3(5) _ eht3(r 4 1)|2 dr
s—t
0 . . s+t
<2 / 16(r) — $(0)[2 dr + 4¢2": / (H=50) _ 1)2 gr|3(s)|?
—t s
s+t
+ 4e2Hm1 / [2(s) — e“(f‘s)é(r)l2 dr
2 4 3 2 (r1—-1)
<2 |¢ 0)| dr+3t piri— |z(s)|

+ 4e2#m1 / |2(s) — e"("‘"’)z'(r)l2 dr.
8
For J3 we have the obvious estimate
Jg < 5()er (=) — (- + £)etC 1R, o 1o timn) -
Summarizing these estimates and using Lemma 1.12 we obtain for a € 0,1), a # %,

(3.37) / £ dt < el Billnea (14 1) 812 0 + € D2]1 1),
0

We still have to consider II:

2

T-t T+t
II < 2/ (/ |Bi(0)] da) [eT=H D g(r —r; + 1)|2 dr
T-t
< 2t/ / (0)|% do|er(T—st1) i(r —r; +t)|%dr.

In case o € (0, 1) we use

T+t
[ 1B do < 1Bl < 1Bl
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and get

S
11 < 2t[Bif%1. (/ 24t |3 _ )| dr
8

—rit+t
T—r;
+ / e2H(rtT=9)|3(r) 2 dr
k)

< 2t Bil3i+e (18131 (—r0.mn) + €7 1217 )

1
< 2t|Bi|%{l+u ((supess 5) |¢|ilgl+oz + e2""|2|%+a,u) .

[_T’O]
In case o € (,1) we use the continuous embedding H*(R"*") ¢ C(R™*") and
get with [7 7" |B;(0)|?do < ct|B;|%1+a the estimate

T—T,'
I1 < ct?|Bif s / 14T 5(7) 2 g

S—T,"f-t

—r,

1
< ct?|Bi| % 14a ((s[upesls 5) |¢|?,;+a + e2lﬂllz|f+a,p.> .
0
Thus for a € (0,1), a # 1,

1
(3.38) / t~172e11dt < c|B,»|§,,+a(|¢>|§,;+a + ez, )
0

Inequalities (3.37) and (3.38) together imply

k 2 k
lz Bi()z(- - Tz')l <) Bl (14 |u|)|¢|§,;+a +e# M, L)
=1

a,p 1=1
(i) Estimation of ffoo B(t,0)z(t + o) do. We have
2

[ /_ Ow B(t,0)é(t +0) da]

1 T—-t
[
0 s

a,u

0
eH(7=9) / B(r,0)z(t +0)do
— 00

2

0
_eu(f—s+t)/ B(tr+t,0)i(r+0+t)do| drdt

—00

1
=: / t=17223(t) dt.
0

We split 5(t) as follows:
T—t| (0
B(t) < 2/ / B(r +t,0)[E(r + 0)e*™%) — i(r + 0 + t)et 7] do
8 — 00

T-t
/
8

= I+1I

2
dr

2

eH(7—9) /O [B(r,0) — B(1 + t,0))%(r + 0)do| dr

— 00
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For I we get

e ([ P a)

0
. (/ 7= (1 + o) — e T HD i (7 4+ 0 4 t)|?|g(0) da) dr

—O00

T-t T
<2 / |B(t +t, -)|§2/ / |79 i(0) — e+ i (0 + t)|2g(0 — 7) do dT
s /e

where
T—s ps—t . .
J = / / 4= (g — 5) — T (5 — 5 4 1) (0 — 1) do dr,
8 — 00
T—s s .
Jy = / / e (g — 5) — e TV 3(g + t)|2g(0 — 7) do dr,
8 s—t
T-—t T
Jo= [ [ 1 9i0) - 30 4 1) Pg(o - 7) dodr
8 8
For J; we have
T—t s—t . .
J <2 / / e247=9)|d(0 — 5) — d(o — 5 + t)|2g(0 — 7) dodr
S — 00
T-t ps—t .
+2/ / et 79 (1 — e")2|d(0 + t — 5)|2g(0 — 7) do dT
S — 00
T—t =t .
<9 / / 16(0) — d(o + £)[29(0)G(s — 7) do dr
Tl o .
+2 / 262 / 16(0)[29(0)G (s — t — 7) dor dr
8 — 00

<2(T-35) (supess G) |6(-) — $(- + h)lig

[s—T,0]

+ (T -5s) (supess G) |,u|t2|¢|§:r;'

s—T,0

For J; we get

T—t p1
J3 < (supess g) / / e#(1=9)|eh(0=9) 3(0) — e# O~ 3(g + t)|? do dr
[s—T,0] s K]

T—t T—t
= (sup ess g) / |e#0=9) 5(0) — et 3(5 4 t)|2/ e#(7=9) dr do.
[s—T,0] s 4
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Observing that faT_t e2#(7=9) dr < 1/(2|u|) we have

1 . st
TS o (T?sz?g) HOTI) = IO M)

For J; we get in case a € (0, §)

T—t ps
Jy < / / et g(0 — 5) — e*T VD 3(0 + t)|2g(0 — 7) do dr
s s—t

T—t (0 )
<c {/ / e (7=9)|4(0)|? do dr
T-t
/ / T—0+t) 2y(a s)lz( )|2d0'dT}

1 s+t
<e{@-o [ Worar s g [ etz pas).

where ¢ = 2supess(,_rq) 9. In case a € (3,1) we obtain

T-t s
Ja < / / et g(0 — 5) — e* Tt 2(0 + t)|2g(0 — 7) do dr
L] s—t
T—-t /s . .
<c {/ / e (8(0 — 5) — (0))|* dor dr
s s—t

T-—t 8

(=) h(0) — h(T=9) h(@=548) 300 1 V12 do d

+/8 /s_t|e ¢(0) —e e (o +1t)| 0’7‘}
0 .

SC{(T 9) / 16(0) — B(O)? do + 216(0)?

T-t
/ / 2;4(1' o) eua s) _ )2 do dr
s—t

K] T-t
+2 / 15(s) — M=+ 3 (g 4 1)|? / ¢2u(r=0) drda}

8
{ s / 16(0) — $(0)]? do + | (0) 2|ule?MIT =23
1 s+t
+m |2(s) — e"(‘"“’)z'(cr)l2 da} .

Summarizing these estimates we obtain with Lemma 1.12
(3.39)

1
/ t~1-207 gt < CIBIHI(s,T;Lf,g) ((1 + |p|e2 (T s))ld,hqlﬂx I ||Z|1+a u)
0
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For II we have

n<2 /ST-t ( /_Ooo |B(r,0) —-g(B;()T+t,a)|2 da)

' (/_Ooo eHg(r +0)*g(0) do) .

In case a € (0, 1) we get

2

<[ ([ o) d

0 1 T+t
t/ —/ |B:(p,0)|* dpdo
i

—o0 9(0)
™+t 0 |By(p,0)|?
t =27 dod
/, /.oo o)
T+t

_ (2 2
= t/T | Bt (p, )|Lg/‘7 dp < tlBlm(s,T;L?/a)

IN

and therefore
T—t 0
I < 2t|Bl3 o 12 ) / / e =93(r + 0)[*g(0) do dr.
e g )

The integral can be estimated as follows:

T—t 0
/ / e**=9\i(r + 0)|2g(0) do dr
8 —00

. 1
< (T -s) [supessG | |¢|4: + | supessg | —|2|2 .
( ) ([s—T,O] ) | IH; [s—T,0] g 2|Il|I ll'"

Thus we obtain for a € (0, 3)

1
2 .12
(3.40) n< Ct|B|H‘(s,T;L2,g) <|¢|H; + li,u) :

1

Next we give a bound for II in case o € (3,1). We use the continuous embedding
H“(Lf/y) C C(Lf/g).
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2

0
II= 2/ et(T— 8) B(‘r o) — B(r —t,0))&(r + 0)do| dr
T-t r+t 0 9
r— By (p, )
=2/ 2#( 38) ( I t(ﬁl/z)liz(,r+0)|g(0)1/2da_dp> dr
- ) do 12
52/ (r=s Bi(p.o 2_)
{ I (p) 9(0)

0 1/2 2
: (/ |2(1 + 0)|%g(0 da) dp} dr
—o0
T-t T—t 0
<[ e [Biy [l +o)Polo) do dpdr
8 T 179 J 0o
T-t s—T
< 2t%|B|% 1 sa 2 (=9 |z(r + 0)|*g(0) do
(Ei/9) E -0
0
+/ |z'(r+a)|2g(o)do} dr
s—71

T-t 0
< W8y, [ [ lblo)ato +s-r)do
8 — 00

+ / |£(0)|%g(0 — T)da} dr
T—t
< 2%| Bl )/ (=) { (SupessG> |6l
/97 J g [s—T,0) g

supess g / |z(0)|? do p dr
[s—T,0]
212 2
<ct |B|H1+a(L'f/g) {|¢|H; + | ||Z| }
Thus, for o € (3,1) we have
1
1) 1< e Beqay, ) (105 + il

Summarizing (3.39)-(3.41) we obtain
2

[/_Ooo B(t,0)z(t + o) da] .

1
< lBleaqiy, ((+ BP0+ Lol )

(iii) Estimation of Ao(t)z(t). We have

1
[Aoz]2 , = /0 120 () dt
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T—
B(t) = / t et (7= Ag (1) (1) — e Ao (7 + t)a(r + t)|2 dr

T—t
<2 / 1#=9) A0 (r)$(0) — =5 Ao (r + £)$(0) 2 dr

T-t
S

=R+ S.

2

T T+t
e“("s)Ao(r)/ z(o) dcr—e"(f"’”)Ao(T‘H)/ #(o)do| dr

8

We estimate R first using 1 — e#t < |u|t for t <0,
T—t
R4 [ 108079 40(r)0(0) = 0= Aol + )0(0)* dr
S

T-t
(3.42) +4 / [e#(T=9) (1 — eFt) Ao (7 + t)$(0)|? dr

< 4|40 (") = Ao(- + t)[Z2 (s r—t;mnxn) |6(0)
+4ut?|6(0)> Ao

For S we have the estimate
T—t T T+t
S<4 / e4(7=2) Ao (1) / (o) do — eHT=+9) g (1) / #(0) do
8 8 8

(3.43) Tt
+4 /
8
=I+IL

2
dr

T+t 2
(Ao(1) — Ao(r + t))er (=D / 3(0)do| dr

s

We first give a bound for II:
T—t 2
< 4/ [|A0( ) — Ao(T +t) |/ |2(0)|er (o9 gp(T—o+t) do] dr
T+t

< / |Ao(7) — Ao(T + t)|2/ |z'(o)|262“(”“‘") dodr
(3 44) I I 8

<2 / / | 40(7) = Ao(r + £)[2]3(0)[224 =) dr do

I”l ax(s,0—t)
< 212l Ao() — Ao- + D)2
= I/‘l 2|1,u1410 ) 0( + )le(s,T—t;R"x")'

Next we estimate I:

T—t . ;
I< 8/ Ap(7) [e"(f‘s) / 3(0) do — etlT—3+t) / 20 +1t) da}
8 8 8

T-t
8

2
dr

2

s+t
AO(T)e"(T—S"'t)/ 2(o)do| dr.

s
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In case o € (0, 3) we have

T-t
IS8/
s

Ap(7) [/ et 0=t (7=9) 3(0) do

8

. 2
_/ eu(cr—s+t)ell(7'_0')é(g+t)d0] dr

8

T—t s+t 2
(3.45) +8/ <|A0(T)|/ eH (779 | 3(g) e 7o +t) da> dr
8 8

4 . — .
< mlelizle“("s)z(') LT G PYOp
4 s+t
+ —|A0|i2/ .‘32“("‘“")Iz’(a)|2 do.
| s

Now we take o € (1,1):

4 . art) .
1< —|Aoldalet ™) 5(:) = e ¥ (- + )32 (o 7_rimm)

= ul
T—t s+t 2
+ 8 Ao 2 [ 312. / ( / jehlr=o-+1) da> dr
(3.46) 4 s s
< mlelizle”(“s)Z'(‘) — eﬂ(-—-s-f-i)é«(. + t)l%"’(s,T—t;R")
4c .
+ m|A0|3{a|2|313t2~

Here we have used the continuous embeddings H* C C, a > % Summarizing

(3.42)-(3.46) and using Lemma 1.12(a) (in case o € (3, 1)) we obtain
1
(Aol < clalrs (14 1) /210l + rzlehsos)

|uf*/?

As mentioned earlier, the estimates for the remaining terms are —although some-
what tedious—essentially analogous to those we discussed here.
For m > 2 we use (3.34) and inequalities of the same type as in case m = 1.
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